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QUASI-PERIODIC SOLUTIONS  
TO THE RICCATI DIFFERENTIAL EQUATION 

Marija Kujumdžieva-Nikoloska, Jordanka Mitevska 

A b s t r a c t: In this paper we give some conditions for existence 
of quasi-periodic solutions to the Riccati differential equation and 
find this solution in a case of a constant quasi-period. 

Key words with abbreviation: differential equation (DE); quasi-
period (QP); quasi-periodic solution (QPS); quasi-periodic coeffi-
cient (QPC); equation (eq.) 

1. PRELIMINARY 

Let the Riccati differential equation 

 )0)((0)()()()()()( 2 ≠=+++′ xgxhxyxgxyxfxy  (1) 

be given. We want to find QPS )(xyy = for (1), i.e. to find the solution that 
satisfies the relation  

 )()()())(,()( xyxxyxxxy λωλω ==+ , yDxx ∈+ω,  (2) 

where )(xωω = is QP and )(xλλ =  is QPC for the function )(xyy = . 

The following theorem holds. 

Theorem 1.1. If DE (1) has QPS )(xyy =  with QP )(xωω =  and QPC 
),(xλ  then it is reduced to the algebraic equation with respect to the QPS y  
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Proof. Under the conditions of the theorem we have the system 
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 (4) 

from where  

 )()()()()()( 2 xhxyxgxyxfxy −−−=′   (5) 

and  

 ( ) ( ) ( ) ( ) ( )( )xyxxyx
t

ty ′+′
′

=′ λλ1 . (6) 

Subtituting (5) and (6) in the second equation of the system (4), after 
short transfomations, we obtain (3).  

Remark 1.1. In general, solving equation (3) is not a simple problem 
and we can solve it only in some special cases. So, here we consider QPS for 
(1) with a constant QP and a constant QPC. 

2. QUASIPERIODIC SOLUTIONS WITH CONSTANT QUASI-PEROD  
AND CONSTANT QUASIPERIODIC COEFFICIENT 

Theorem 2.1. Let DE (1) have QPS )(xyy =  with a constant QP cω =  
and a constant QPC λ > 0 . Then it is reduced, with respect to QPS y, to the 
equation: 
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( ) ( ) ++−++− )()()()()()( 2 xytfxfxytgxg λλλ ( ) cxtthxh +==+− /0)()(λ  

  (7) 

Proof. Substituting in eq. (3) ,c=ω  ,0−′ω  ,cxt +=  1=′t  we obtain 
eq. (7). 

Theorem 2.2. Let 

1o DF (1) have QPS )(1 xy  with a constant QP cω =  and a constant 
QPC 0>λ ; 

2o the coefficients )(),(),( xhxgxf  are QPF with the same QP cω =  

and QPC λλ
λ

λλ === 321 ,1,1  respectively;  

3o the general solution for the equation 

 0)())()(2)(( 1 =−+−′ xgzxyxgxfz  (8) 

is QPF with QP c=ω  and QPC
λ
1

.  

Then every solution for DE (1) is QPF with QP c=ω  and QPC λ > 0 . 

Proof. Under the given conitions follows that the general solutions for 

DE (1) is 
)(

1)()( 1 xz
xyxy += , where )(xzz = [1] is QPS for the eq. (8). Since 

the coefficients )(),(),( xhxgxf  satisfy the relations ),()( xfty =  ),(1)( xgtg
λ

=  

cxtxhih +== /)()( λ , we get 

 )(
)(

1)(
)(

1)()( 11 xy
xz

xy
tz

tyty λλ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=+= , 

and 

 =+++′ += cxtthtytgtytfty /
2 )()()()()()(  



58  M. Kujumdžieva Nikoloska, J. Mitevska 

Contributions, Sec. Math. Tech. Sci., XXVII–XXVIII, 1–2 (2006–2007), pp. 55–66 

 =+⋅+⋅+′= )()()(1)()()( 22 xhxyxgxyxfxy λλ
λ

λλ  

 ( ) 00)()()()()()( 2 =⋅=+++′= λλ xhxyxgxyxfxy .   

Remark 2.1 If DE (1) has QPS )(1 xy  then its general solution is 

 
)()(

1)(
)(

1)()( 11 xbxCa
xy

xz
xyxy

+
+=+= , 

where ,)(
))()(2)(( 1∫=

+ dxxyxgxf
exa  ∫= dx

xa
xgxaxb
)(
)()()( . 

Example 2.1. Let 

 ( ) 0)cos2(sin
sin

3 2 =+−−++′ − xxey
x

eyctgxy x
x

. 

This equation has a particular solution xey x sin1
−=  that is QPF with a QP 

πω 2= and QPC
πλ 2−= e . Since the coefficients ),(xf  ),(xg  )(xh  are a QPF 

with the same QP πω 2= and QPC 1, 
λ

π 12 =e , π2−e  respectively, according to 

the Theorem 2.2. every solution for the given equation is QPF. Indeed, its gen-

eral solution is ⎟
⎠
⎞

⎜
⎝
⎛

+
+= −

xxC
xey x

cossin
1sin , that is QPF with QP πω 2=  

and QPC πλ 2−= e . 

Theorem 2.3. If 

1o DE (1) has two QPS )(1 xy  and ),(2 xy  with QP c=ω  and QPC 
0>λ , 

2o the coefficients )(),(),( xhxgxf  in DE (1) are QPF with QP c=ω  

and QPC λλ
λ

λλ === 321 ,1,1  respectively,  
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3o for ∫=
−− dxxyxyxg

ex
))()()(( 21)(φ , 

)()(
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12 xyxyxC
xCxz

−
−

=
φ
φ

 is  

a general QPS for (8) with QP c=ω  and QPC
λ
1

,  

then every solution for the DE (1) is QPF with QP c=ω  and QPC λ . 

Proof. It can be proved in a similar manner as the previous theorem.   

Remark 2.2. If the DE (1) has two QPS )(11 xyy =  and )(22 xyy =  
with QP c=ω  and QPC ,0>λ  then its general solution is 
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                     )()),(1()(),( 21 xyCxxyCx μμ −+= , 

i.e. if the solution is in the form 
)()(

1)()(
1

1 xbxaC
xyxy

+
+= , then 

  
))()()((

1)(
21 xyxyx

xa
−

−
=
φ

, 
)()(

1)(
21 xyxy
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−
−

= . 

Example 2.2. Let 

 0)
cossin

1cos(sin
cossin

1cos2cos2 2
2

=
−

+++
−

−−
+′ −

xx
xxeyey

xx
xxy xx .  

This equation has particular solutions xey x sin1
−=  and xexy x cos)(2

−=  

that are QPF with QP πω 2= and QPC
πλ 2−= e . Since the coefficients ),(xf  

),(xg  )(xh  are QPF with the same QP πω 2=  and QPC 1, 
λ

π 12 =e , 

λπ =−2e  respectively, according to the Theorem 2.3. every solution is QPF. 
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Indeed, the general solution is ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−
+= +

+
−

xx

xx
x

eC
xxexey cossin

1

cossin )sin(cossin , that 

is QPF with QP πω 2=  and QPC πλ 2−= e .  

Theorem 2.4. If  

1o DE (1) has QPS )(1 xy  , )(2 xy  and )(3 xy with QP c=ω  and QPC 
0>λ , 

2o the coefficients )(),(),( xhxgxf  in DE (1) are QPF with QP c=ω  

and QPC λλ
λ

λλ === 321 ,1,1  respectively,  

3o for
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ral QPS with QP c=ω  and QPC 
λ
1

 to the equation (8),  

then every solution for DE (1) is QPF with QP c=ω  and QPCλ . 

Proof. It can be proved in a similar manner as the Theorem 2.2. 

Remark 2.3 The general solution for DE (1) is   
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Example 2.3. Let  

 +
−−−

−−
+

−−−
−++−

+′ 2
32

)sin)(coscos1)(sin1(
cossin1

)sin)(coscos1)(sin1(
sin2sin2cossin1 y

xxxx
xxey

xxxx
xxxxy x  

 0
)sin)(coscos1)(sin1(
sincossincossinsin1 32

=
−−−

+−−−−
+ − y

xxxx
xxxxxxe x .  

This equation has particular solutions ,sin1 xey x−=  xexy x cos)(2
−=  and 

xexy −=)(3 . They are QPF with QP πω 2=  and QPC
πλ 2−= e . Since the  

coefficients ),(xf  ),(xg  )(xh  are QPF with the same QP πω 2= and QPC 1, 

λ
π 12 =e , λπ =−2e  respectively, according to the Theorem 2.4. every solution 

is QPF. Indeed, the general solution is 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−

+−−
+= −

)sin1()cos1(
sincossinsincossin

2

xxC
xxxxxxey x ,  

that is QPF with QP πω 2=  and QPC πλ 2−= e .  

Theorem 2.5. Let the DE (1) have one QPS with QP c=ω  and QPC 

1

3

λ
λ

λ = , and the coefficients )(),(,0)( xhxgxf ≠  in DE (1) be QPF with QP 

c=ω  and QPC 321 ,1,1 λ
λ

λλ =≠ , respectively. Then the QPS for DE (1) is  

 
)(
)(

xf
xhy −=   (9) 

if the relation 
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⎠
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  (10) 

is satisfied.  
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Proof. Under the conditions, ),()( 1 xfcxf λ=+  ),(1)( xgcxg
λ

=+  

),()( 3 xhcxh λ=+  QPS to the DE (1) is also QPS to the equation  

 ( ) ( ) )(1)(1 31 xhyxf λλ
λ

λ −−=− ,  

from which we get 

 
)(
)(

1 xf
xhy ⋅= μ  (11) 

where ( )11

3
1 −

−
−=

λλ
λλ

μ . Solution (11) is QPF with QP c=ω  and QPC 
1

3

λ
λ

λ =  

for which 11 −=μ . Thus, from (11) we obtain (9). So, since the solution (9) is 
also the solution to DE (1), we obtain that the coefficients hgf ,,  have to sat-
isfy the relation (10).                                                                                           

Corollary 2.1. Under the conditions of the Theorem 2.5. QPS for DE 
(1) is given by  

 ).()(),()(,
)()(

1
00

0

0

xgxGxGxC
xCdxxg

y x

x

=′−=
+

=

∫
 (12) 

Proof. From the relation (10) we have  

 

∫ +
−= x

x

xCdxxg
xf
xh

0

)()(

1
)(
)(

0

. (13) 

Since, under he conditions of the Theorem 2.5., QPS for DE (1) 

is
)(
)(

xf
xhy −= , we obtain (12).                                                                             
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Example 2.4. The Riccati equation  

 0cos)cos2(cos 2sin2sin =+⋅+−+⋅−′ +−+− xeyxeyxey xxxxx  

has coefficients xexf xx cos)( sin ⋅−= +− , )cos2()( sin2 xexg xx +−⋅= +− , 
xexh x cos)( ⋅= , which are QPF with the same QP πω 2=  and QPC πλ 2

1
−= e , 

πλ 4
2

−= e , πλ 2
3 e= , respectively, and satisfy the condition (10). Thus, accord-

ing to the Theorem 2.5, QPS for the given DE is xxe
xf
xhy sin2

)(
)( −=−=  ( πω 2= , 

1

34

λ
λ

λ π == e ), or using (12):  

 
( )

xx
x

x

xx
x

x

e
CdxxeCdxxg

y sin2

0
sin2

0

00

cos2

1

)(

1 −

+−

=
++−

−=
+

−=

∫∫
. 

Theorem 2.6. Let the coefficients )(),(),( xhxgxf  in DE (1) be QPF 

with QP c=ω  and QPC 321 ,1,1 λ
λ

λλ ≠≠  respectively.  

1) If DE (1) has QPS )(xyy =  with QP c=ω , QPC 
2

1

λ
λλ ≠  and ,0)( ≠xf  

then 0=y .  

2) If DE (1) has QPS )(xyy =  with QP c=ω , QPC 
2

1

λ
λλ ≠  and ,0)( =xf  

then 0=y .  

3) If DE (1) has QPS )(xyy =  with QP c=ω , QPC 
2

1

λ
λλ =  and ,0)( =xh  

then 0=y  or Cy = when 0)()( =+ xfxCg ,  
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4) If DE (1) has QPS )(xyy =  with QP c=ω , QPC 
2

1

λ
λλ = , 231 λλλ =  i.e. 

3λλ =  and 0)()( =+ xfxCg , then .Cy =   

5) If DE (1) has QPS )(xyy = with QP c=ω , QPC
2

1

λ
λλ = , 32

2
1 λλλ = , i.e. 

2

32

λ
λ

λ =  and 0)()()(2 =++ xhxCfxgC  then .Cy =  

Proof. Under the conditions of the theorem QPS for DE (1) and eq. (7) 
is also QPS to the equation 

 0)()()( 2 =++ xqhyxpfyxg . (14) 
where  

 
1

1

2

1

−
−

=
λλ
λ

p ,   
1

1

2

3

−
−

⋅=
λλ

λλ
λ

q . (15) 

The last equation has solutions  

 
)(2

)()(4)()( 22

xg
xgxqhxfpxpf

y
−±−

= , (16) 

Since QPS to DE (1) is QPS for eq. (14), it satisfies the equation 

 0)()()()( 2
2

321 =−+− xhqyxfp λλλλλλλ . (17) 

Thus we have:  

1) If 
2

1

λ
λλ ≠ , 032

2
1 ≠− λλλ  and 0)( ≠xf  then, 

,
)(
)(

)(
)(

)(
)(

2
21

32
2

xf
xh

xf
xh

p
qy μ

λλλλ
λλλ

=⋅
−
−

=  

from where follows 1,, 2
1

3 −=== μ
λ
λ

λ qp  and 
)(
)(

xf
xhy −= . 
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If we compare the obtained solution with the solution (16) or substitu-
ting it in the eq. (14) we have 0)( =xh  and 0=y . 

2) If
2

1

λ
λλ ≠ , 032

2
1 ≠− λλλ  and 0)( =xf  then we have the equation 

0)()( 2 =+ xqhyxg  and 0)()( 2
2

3 =− xhq λλλ  from where 0)( =xh  and 
0=y . 

3) If 
2

1

λ
λλ = , (i.e. 1=p ) and 0)( =xh  then QPS is 0=y  or Cy =  when 

0)()( =+ xfxCg .  

4) If 
2

1

λ
λλ =  and 3λλ = , i.e. 321 λλλ = , from where follows 1=p  and 0=q , 

then QPS is 0=y  or Cy =  if 0)()( =+ xfxCg . 

5) If 
2

1

λ
λλ =  and 

2

32

λ
λ

λ = , i.e. 32
2
1 λλλ = , then 1,1 == qp  and QPS is 0=y  

or Cy =  if 0)()()(2 =++ xhxCfxgC . 

Remark 2.4. From eq. (14), after short transformations, we obtain that 
QPS for DE (1) is also a solution to the equation 

 0)()1()()1( =−+−+′ xhqyxfpy  (18) 

where p  and q  are gien by (15).  

Under the conditions of the Theorem 2.6., solving eq. (18) as a linear 
DE, we can find all QPS for DE (1). They are given by the formula 

 ( ))()( xCey x δαγ −= − , (19) 

where βα −=−= 1,1 qp , ∫= dxxfx )()(γ , .)()( )(∫= dxxhex xαγβδ  In this 

case, from here we have also then only 0)( =xy  or Cxy =)(  are QPS for DE (1). 

Remark 2.5. Some examples in [4] are special cases from the obtained 
results in this paper. 
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R e z i m e 

 
KVAZI-PERIODI^NO RE[ENIE  

NA DIFERENCIJALNATA RAVENKA NA RIKATI 

Vo ovoj trud davame nekoi uslovi za postoewe kvaziperiodi~ni re{enija 
na Rikatievata  diferencijalna ravenka i gi nao|ame re{enijata za slu~aj na kon-
stanten kvazi-period. 

Klu~ni zborovi: diferencijalna ravenka (DE); kvazi-period (QP); kvazi-
periodi~no re{enie (QPS); kvazi-periodi~en koeficient (QPC); ravenka (eq.) 
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