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QUASI-PERIODIC SOLUTIONS
TO THE RICCATI DIFFERENTIAL EQUATION

Marija KujumdZieva-Nikoloska, Jordanka Mitevska

A bstract: Inthis paper we give some conditions for existence
of quasi-periodic solutions to the Riccati differential equation and
find this solution in a case of a constant quasi-period.

Key words with abbreviation: differentid equation (DE); quesi-

period (QP); quasi-periodic solution (QPS); quasi-periodic coeffi-
cient (QPC); equation (eg.)

1. PRELIMINARY

Let the Riccati differential equation

Y'(x)+ f()y(x) + g(x)y*(x) + h(x) =0 (g(x)#0) (D

be given. We want to find QPS y = y(x) for (1), i.e. to find the solution that
satisfies the relation

y(x+ ) = Alx,0(x))y(x) = A(x)y(x), x,x+weD, 2
where o = w(x)isQPand 1 = A(x) is QPC for the function y = y(x) .
The following theorem holds.

Theorem 1.1. If DE (1) has QPS y = y(x) with QP @ = w(x) and QPC
A(x), then it isreduced to the algebraic equation with respect to the QPS y
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(-3 40200+ 200 20+ 22D 10926070 o) +
+ [—@h(x) + h(t)j =0,t =x+w(x). ©)]

Proof. Under the conditions of the theorem we have the system

Y'(x)+ [ () y(x) + g(x)y*(x) + h(x) =0
Y'(6)+ f@) () + g@)y* (@) + h(t) i =0
y(t) = A(x)y(x) 4

di y(@)=A"(x)y(x) + A(x)y'(x)
X

from where

V'(x) == (x) y(x) = g(x)y* (x) = h(x) ©)
and

V()= 2@ () + Ay (). (©)

t

Subtituting (5) and (6) in the second equation of the system (4), after
short transfomations, we obtain (3).

Remark 1.1. In general, solving equation (3) is not a simple problem
and we can solve it only in some specia cases. So, here we consider QPS for
(1) with a constant QP and a constant QPC.

2. QUASIPERIODIC SOLUTIONS WITH CONSTANT QUASI-PEROD
AND CONSTANT QUASIPERIODIC COEFFICIENT

Theorem 2.1. Let DE (1) have QPS y = y(x) withaconstant QP w=c

and a constant QPC 4 >0. Then it is reduced, with respect to QPS y, to the
equation:
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Quasi-periodic solutions to the Riccati differential equation 57

A= g(x) + Ag(©))p?(x) + A= £(x) + fO)y(x) + (= 2h(x) + h(r)) =01 _.,.

(7
Proof. Substituting ineq. (3) w=c¢, &'-0, t=x+c¢, t'=1 we obtain
eq. (7).

Theorem 2.2. Let

1° DF (1) have QPS y,(x) with a constant QP w=c and a constant
QPC 1>0;

2° the coefficients f(x), g(x),2(x) are QPF with the same QP w=c

andQPC 4, =14, 2%,13 =/ respectively;
3° the general solution for the equation
z' = (f (%) + 28 (x)y,(x))z —g(x) =0 8)
. , 1
is QPF with QP w = ¢ and QPCI .
Then every solution for DE (1) is QPF with QP w=c¢ and QPC 1 >0.

Proof. Under the given conitions follows that the general solutions for

DE (1) is y(x) =y1(x)+i), where z = z(x) [1] is QPS for the eg. (8). Since
zZ\X

the coefficients f(x), g(x), h(x) satisfy therdations y(¢) = f(x), g(t) =% g(x),
h(@) = Ah(x) /=510, WE Qet

1 1
y() =)+ 0 ﬂ{yl(X) + Z—x)j = Wy(x),

and

YO+ FOy@) + g0y O+ h(t)j=xve =
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= A () £ (3): A0+ 2 g (5)- 2292(3) + 2h() -
= Ay () + £ (2)y(x) + g (x)y2(x) + h(x))= 4-0=0. m|

Remark 2.1 1f DE (1) has QPS y,(x) then its general solutionis

1

y(x) =y,.(x) +—— =) ) 15

1
z(x)
where a(x) = el " ON ) — ([ EX gy,
a(x)

Example 2.1. Let

X

V' +(3+ crgx)y - .e y? —e*(sinx +2cosx) = 0.
Snx

This equation has a particular solution y, =e " Sinx that is QPF with a QP
®=2rand QPC A = e . Since the coefficients 1'(x), g(x), h(x) are a QPF
with the same QP w =27 and QPC 1, *" = % , e°" respectively, according to

the Theorem 2.2. every solution for the given equation is QPF. Indeed, its gen-

eral solution is y:e"‘(siner_;j, that is QPF with QP w =27
Csinx +CoSx
andQPCl=e".
Theorem 2.3. If

1° DE (1) has two QPS y,(x) and y»(x), with QP w=c and QPC
A>0,

2° the coefficients f(x), g(x),(x) in DE (1) are QPF with QP w=c

andQPC 4, =1,4, :%,13 = /A respectively,
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-f g(x)(yl(x)—n(x»dx' 2(x) = Co(x)-1 1 i
Co(x) ¥, (x)=yi(x)

Fforp(x)=e

ageneral QPSfor (8) with QP w=c¢ and QPC% ,

then every solution for the DE (1) is QPF with QP w=c and QPC 4.

Proof. It can be proved in asimilar manner as the previous theorem. [

Remark 2.2. If the DE (1) has two QPS y, = y,(x) and y2 = ya(y)
with QP w=c and QPC A >0, thenitsgenera solutionis

y(x) =y, (x) + y1(x) + (1 ]yz (x)=

1 __ 1 1
2(x)  1-Co(x) 1- Cé(x)

= u(x,C)y1(x) + (1= p(x, C))y2(x),

1

i.e. if thesolutionisintheform y(x) = y,(x) + ——— , then
y(x) = y,(x) Coal) + 500

1 -1

= - R TE P — —
R Y S S v LA e w2

Example 2.2. Let

2cos® x — 2cosx —1 o 1
"+ : y+e*y?+e*(sinxcosy +—) =0.
sinx — cosx sinx — cosx

y

This equation has particular solutions y, =e *Sinx and y,(x) =e " cOSx

that are QPF with QP @ =27 and QPC A = ¢~ . Since the coefficients f(x),
. 1

g(x), h(x) are QPF with the same QP w=27 and QPC 1, e* =2

e =1 respectively, according to the Theorem 2.3. every solution is QPF.
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Sin x+Ccosx

e COSx —Sinx
C +(es'nx+005x )j’ that
1

Indeed, the general solution is y = e{sinx+
iSQPFWithQP w=27 andQPC A=¢ ™.

Theorem 2.4. If

1° DE (1) has QPS y,(x) ,y,(x) and y,(x)with QP @=c and QPC
1>0,

2° the coefficients f(x), g(x),a(x) in DE (1) are QPF with QP w=c

andQPC 4, =1,4, :%,13 = /A respectively,

Ffory ()< 3 -nl) oy kv()-1 1

, is agene-
V3(x) =y, (x) ky(x)  y,(x) = yy(x)

ral QPS with QP w=c and QPC % to the equation (8),
then every solution for DE (1) is QPF with QP w=c¢ and QPC 1.
Proof. It can be proved in asimilar manner as the Theorem 2.2.

Remark 2.3 The general solution for DE (1) is

1 1
z(x) 1-kw(x)

ni(x) + (1 jyz (x)=

y(x) = yy(x) + _Ty/(x)

=v(x, k) y1(x) + A=v(x, k) y2(x)

-1

a(x) = ,
w(x) (1 (x) = y,(x))

A 1
i.e if y()C) = yl()C) +m s then

-1

b(x)=————.
0= =@
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Example 2.3. Let

,+1—sinx+005x+23in2x—23in3x i 1-sinx —cosx 2,
Y =snx) (- cosx)(cosx—sinx) ©  (1-sinx)(l—cosx)(cosx—sinx)”

- —1—sinx—sinxc03x—sin2x005x+sin3xy o
(1-sinx)(1- cosx)(cosx —sinx) '

This equation has particular solutions y;=e *sinx, y,(x)=e *cosx and

y3(x)=e™*. They are QPF with QP w=27 and QPCA — ¢ Since the

coefficients 1'(x), g(x), A(x) are QPF with the same QP w =27z and QPC 1,
e’ = % ¢~2% = 1 respectively, according to the Theorem 2.4. every solution

is QPF. Indeed, the general solution is

COSx—sinx—sinxcos;chsinsz

y=e '|SNx+ :
C(1-cosx)+(1-sinx)

that is QPF with QP w =27 and QPCA=¢*".

Theorem 2.5. Let the DE (1) have one QPS with QP w=c¢ and QPC
A
A= /1—3 and the coefficients f(x) =0, g(x),#(x) in DE (1) be QPF with QP

1

w=candQPCA #1, 4, = %,13, respectively. Then the QPS for DE (1) is

)
S ©)
if therelation
h) ) h) )
R SAC AN — | =0
(f@)] g(x)(f(x)J 9
issatisfied.
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Proof. Under the conditions, f(x+c)=/4f(x), g(x+c)=1g(x),

A
h(x+c) = Azh(x), QPStothe DE (1) isaso QPS to the equation
(i =07y == (35 = (),
from which we get
h(x)
=, - (11)
Yy=U (%)
whereu, = — fy 4 Solution (11) is QPF with QP @ =¢ and QPC ﬂ—ﬁ
tT D ) K

for which u; = —1. Thus, from (11) we obtain (9). So, since the solution (9) is
also the solution to DE (1), we obtain that the coefficients f, g,/ have to sat-
isfy the relation (10). O

Corallary 2.1. Under the conditions of the Theorem 2.5. QPS for DE
(1) isgiven by

p—— (C(x0) =—G(x,).G'(x) = g(x).  (12)
jg(x)dx +C(x,)

RO

Proof. From the relation (10) we have

h(x) 1

= . (13)
T T g(dn+ Clxg)

X0

Since, under he conditions of the Theorem 2.5., QPS for DE (1)

iSy:—%,weobtain(lz). O
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Example 2.4. The Riccati equation

' —x+sinx

Y —e coSx - y +e 2" (—2 4 cosx) - y% +e* cosx =0

has coefficients f(x) =—e """ .cosx, g(x)=e?*"*.(-2+ cosx),
h(x) =e" - cosx , which are QPF with thesame QP @ =27 and QPC 1, =e ™",
Ay =e™, Ay =e?", respectively, and satisfy the condition (10). Thus, accord-

ing to the Theorem 2.5, QPS for the given DE is y = ) =2 (=21,

S (x)
A=e*" =%), or using (12):
y:_x 1 :_X 1 :er—sinx.
jg(x)dx +C, je’z”gnx (- 2+ cosx)dx + C,

Theorem 2.6. Let the coefficients f(x), g(x),A(x) in DE (1) be QPF

withQPw=c andQPC 4, #1, 4, # %,13 respectively.

1) If DE (1) has QPS y = y(x) with QP @=c, QPC iij—l and f(x)#0,
2
then y = 0.

2) If DE (1) has QPS y = y(x) with QP @=c, QPC ﬂ,i% and f(x)=0,
2

then y =0.

3) If DE (1) has QPS y=y(x) with QP w=c, QPC A:j—l and A(x) =0,
2

then y =0 or y = Cwhen Cg(x)+ f(x) =0,
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4) If DE (1) has QPS y = y(x) with QP @=c, QPC A:%,Alz,uz ie.
2

A=Ay and Cg(x)+ f(x)=0,then y=C.

A

5) If DE (1) has QPSy = y(x) with QP @=c, QPC/ =%, AP =Ayh, ik
2

2 :j—e' and C%g(x)+ Cf(x)+h(x) =0 then y=C.
2

Proof. Under the conditions of the theorem QPS for DE (1) and eq. (7)
isalso QPS to the equation

g(x)y?+ pf (x)y + qh(x) =0. (14)
where
2 -1 1 A—2
p=—r——" =, (15)
M, —1 A A, -1

The last equation has solutions

J -~ P WP - Agh()g ()

(16)
2g(x)
Since QPSto DE (1) isQPSfor eg. (14), it satisfies the equation
PAAy = 20,) f(X)y + q(2g = Aziz)h(x) =0. (17)

Thus we have:

1) If iizﬁ’ 2 =2y #0 and f(x) =0 then,
2
_Bhp=lg)g hx) _ h()
M =2da)p f(x) "7 f(x)

A
from wherefollows 1 =—2,p=q,u, =-1and y :—M.
A f(x)
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If we compare the obtained solution with the solution (16) or substitu-
tingitintheeq. (14) wehave 4(x) =0 andy = 0.

2) If/lqt%, X —J,ds 20 and f(x)=0 then we have the equation
2

g(x)y?+qh(x)=0 and ¢(13—A°2p)h(x)=0 from where A(x)=0 and
y=0.

3) If Az%, (i.e. p=1)and h(x)=0 then QPSisy =0 or y =C when

2

Cg(x)+ f(x)=0.

A
4) If 1:71 and A=4,,i.e 4, = 1,4, fromwherefollows p=1and ¢ =0,
2

thenQPSis y=0or y=C if Cg(x)+ f(x)=0.

)
5) If ﬂ,:% and /12:/1—3, i.e. XX =,A5 then p=1¢=1and QPSis y =0

2 2

or y=C if C’°g(x)+Cf(x)+h(x)=0.

Remark 2.4. From eq. (14), after short transformations, we obtain that
QPSfor DE (1) isalso asolution to the equation

y'+@A-p)f(x)y+@-q)h(x)=0 (18)

where p and g are gien by (15).
Under the conditions of the Theorem 2.6., solving eg. (18) as a linear
DE, we can find all QPSfor DE (1). They are given by the formula
y=e (C - 5(x)), (19)

where p=l-a, ¢=1- 5, y(x) = jf(x)dx, S(x) = B[ e® Dh(x)dx. In this
case, from herewe have also thenonly y(x) =0 or y(x) = C are QPSfor DE (1).

Remark 2.5. Some examplesin [4] are specia cases from the obtained
resultsin this paper.
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Pesume

KBA3SU-IIEPUOIANYHO PEIEHUE
HA IN®EPEHIINJAJTHATA PABEHKA HA PUKATH

Bo 0BOj Tpyn maBaMe HEKOM YCJIOBH 3a IIOCTOEHE KBa3MINEPUOAMYHM PELIEHHja
Ha PukaTtueBara pudepeHnyujanHa paBeHKa U ' HaofaMe pellleHHjaTa 3a cIy4aj Ha KOH-
CTaHTEH KBa3U-NIEPHUOL.

Knyunn 360poBm: nudepeHipjaiHa paBeHKa (DE); kBazu-niepuof (QP); kBa3u-
nepuoauuHo peurenue (QPS); kBazu-nepuognucH KoepunueHT (QPC); paBeHka (eq.)
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