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ADbstract: In this paper we prove positive semi-definiteness of
matrices generated by differences deduced from unweighted and
weighted Favard's inequality. This implies a surprising property of
exponential convexity of this differences which allows us to
deduce Gram's, Lyapunov's and Dresher's types of inequalities for
this differences.
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1. INTRODUCTION AND PRELIMINARIES

Let fand p be two positive measurable real valued functions defined on
(a,b)c R with jjp(x)dx =1. From theory of convex functions (cf [1, 2, 6]),

the well-known Jensen's inequality gives that for <0 or > 1,

12 p0 ' () (12 p(o) f ) )

and reverse inequality holds for 0 <¢<1.
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Let us write the well-known Favard's inequality:

Theorem 1.1. Let f be a concave non-negative function on
[a,b] cR.Ifg>1, then

i[ﬁ b f(x)dx]q > 1 2 £9 (). ©)

qg+1 b—a

If 0 <q<1, then the reverse inequality holds in (2).

Let us note that Theorem 1.1 can be obtained from the following result,
also obtained by Favard (cf. [7, p. 212]).

Theorem 1.2. Let f be a non-negative continuous concave function on
[a; b], not identically zero, and ¢ be a convex function on [0,2f ], were

F gt f s 3)
—a
Then

1
b—a

%J&f )y =[P g f(x))dx. @)

Karlin and Studden (cf. [3, p. 412]) gave a more general inequality as
follows:

Theorem 1.3. Let f be a non-negative continuous concave function on
[a, b), not identically zero, f be defined in (3) and let ¢ be a convex function
onlc, 2 f — c] where c satisfies 0 < ¢ <f,,;, (Where f,;, is the minimum of f) and

f is defined in (3). Then

;chi “p(r)dy = [0/ (x))dx. (5)

2f-2c b—a

For ¢(y)=y?, p>1, we can get from Theorem 1.3:
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Theorem 1.4. Let [ be continuous concave function such that
0<c< frin, [ isdefinedin (3). If p > 1, then

1 7\ p+lj L b
(2f—2c)(p+1)((2f ) - >l MWk (©)

If 0<p <1, then the reverse inequality holds in (6).

Definnition 1.5. A function %:(a,b) > R is exponentially convex
function if it is continuous and

> EEh(x, +x,)>0

by
for all neN and all choices & eR and x; €(a,b), i = 1,..., n such that
X +Xx; e(a,b), 1<i,j<n.

The following proposition is given in [4]:

Proposition 1.6. Let h:(a,b) >R . The following propositions are
equivalent.

(1) h is exponentially convex.

(i1) h is continuous and

5 éf,-h(x"”’}zo,

i, j=1 2

forevery neN, every & eR and every x,x €(a,b), 1<i, j<n.

Corollary 1.7. If h is exponentially convex then

n
X +Xx;
de{h(’ JJ] >0,
2 .
i,j=1

forevery neN, and every x; €(a,b), i=1,...,n.

Ipunaosu, O00. maiu. iwiex. Hayku, XXX, 1-2 (2009), cTp. 53—66



56 N. Latif. J. Pecarié. I. Perié

Corollary 1.8. If h: (a,b) — R is exponentially convex function then
h is a log-convex functions.

With the help of following useful Lemma we prove our results:

Lemma 1.9. Define the functions

S

s(s=1)’
—logx, s=0;

s#0,1;

s (x) = (7

xlogx, s=1.

Then (p; (x)= X572, that is, @, (x) is convex for x > 0.

In second section we prove positive semi-definiteness of matrices gene-
rated by differences deduced from Favard's inequalities (2) and (6). This im-
plies a surprising property of exponential convexity of this differences which
allows us to deduce Gram's, Lyapunov's and Dresher's types of inequalities for
this differences. Our results are extensions of results for log-convexity given in

[5].
2. FAVARD'S INEQUALITY

Theorem 2.1. Let f be a positive continuous concave function on [a, b],

f be defined in (3) and

! {zs (Ljf;f(x)dxf—L jf;f‘*(x)dx}, s#0,1,
b—-a b—a

s(s—=1D| x+1
Q,(f)= 1—1og2—1ogf+ﬁjjlogf(x)dx, 5=0, (8)

1%2%&h%f‘%f‘z%;$f@ﬂ%f@ﬂ% s=1.

Then the following statements are valid:
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n
(a) For every neN and sy,...,s, €R, the matrix QS,-+S,~ is a
2 Jij=1
positive semi-definite matrix. Particularly
k
det| Q SHS) >0 9)
2 dij=l

fork=1, ..., n.
(b) The function s — Q. is exponentially convex.

(¢) The function s — Qg is a log-convex on R and the following ine-

quality holds for —o<r<s<t<ow:
QL7 <= (10)

Proof. (a) Consider the function

k
P(x) = Z.Miuj(/)sé/ (x)

i’j
Si + Sj .
fork=1,..,n,x>0, y; eR, Sjj e R, where Sij = 5 and Ps; 18 defined
in (7). Set
k
¢(x) = 2 uu jpy, (x)
l’j ’
We have
k Sjii—2
g"(x)=3 it jx !
i,j
2
>0, z>0.

k W
= g uifv’l
i
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This shows that ¢ is a convex function for x>0.

Using Theorem 1.2,

1 57 1
ﬁféf Py = - [JH( (D),
we have

1 2f k
ifo [E”i”j(osi,j(y)]dy

k

Zuéujws_,(f(w))]dfﬁ,

or equivalently

k

U ; >
Z.U,MJ QS[,; =0.
L,J

From last inequality, it follows that the matrix | Q, is a posi-
i)

2 dij=1
tive semi-definite matrix, that is, (9) is valid.

(b) Note that Q_ is continuous for s € R since

limQ,=Q, and limQ,=0Q,.

s—0 s—1

Then by using Proposition 1.6, we get exponentially convexity of the
function s > Q.

(c) A simple consequence of Corollary 1.8 is that Q is log-convex,
then by definnition

log QL <log QL™ +1og Q™"

which is equivalent to (10). m
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Remark 2.2. Theorem 2.1 (c) was proved in [5].

Remark 2.3. The following result was also proved in [5] as a conse-
quence of Theorem 2.1 (¢).

Let f; Q,(f) be defined in Theorem 2.1 and ¢, s, u, v be real numbers
such that s <u, t<v, s #¢t, u # v, we have

1 1
L%(f)jr—g(%(f)}v—»g a1
(/) Q, (/)

Namely, in (cf [6], p.2), we have the following result for convex func-
tion fwith x; <y, X, <y, X1 # X2, V1 # V2,

S(x) = f(xp) < SO)-Fn) '

X2 =X Y2 =N

(12)

Since by Theorem 2.1, Q (f) is log-convex, we can set in (12):
f(x)=logQ, andx; =s,x,=1t,y1 =u,y, =v. We get

log Q) (f) ~logQ(f) _ logQ, (f) ~log€, (f)
t—s - vV—u ’

1 1

tog 2| g QD e
(/) Q,(f)

after applying exponential function, we get (11).

Theorem 2.4. Let f be a continuous concave function on [a, b] such
that 0 < ¢ < foin, f be defined in (3) and
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1 I: (2f~_c)s+1 cs+1

_ _ b s
sGs=D| Q2f=20)s+1) (2f =2c)s+1) b—ajaf‘(ﬂdx}’ s#0.L

~1 [2f+clogc—2c—(2f—c)log(2f—cﬂ
A= 22

L p
+——("lo x)dx, s=0,
b Jalog /()

1
2f -2¢c

{(2f—c)210g(2f—c)—2f2+2cf—c210gc+2c}

——l—ﬁ/(@Mgfuyh, s=1.
b—a

(13)
Then the following statements are valid.
n
(a) For every neN and sy,...,s5, €R, the matrix Asj+sj is a
2 dij=1
positive semi-definite matrix. Particularly
k
det| Ay, >0 (14)
2 dij=1

fork=1, ..., n.

(b) The function s — Ay, is exponentially convex.

(c) The function s — Ay, is a log-convex on R and the following ine-
quality holds for —o<r<s<t<o:

AT S AITSATT (15)

Proof. As in the proof of Theorem 2.1, we use Theorem 1.4 instead of
Theorem 1.2. O

Remark 2.5. Theorem 2.4 (c) was proved in [5].
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Remark 2.6. The following result was also proved in [5] as a conse-
quence of Theorem 2.4 (¢).

Let f; A (f) be defined in Theorem 2.4 and ¢, s, u, v be real numbers
such that s <u,t<v,s#t,u#v, we have

1

1
(At(f)]r—s{Av(f)jv—u_ 16
AH) T LAun

3. WEIGHTED FAVARD'S INEQUALITY

The weighted version of Favard's inequality was obtained by L. Mali-
granda, J. E. Pecari¢ and L. E. Persson in [6].

Theorem 3.1.

(1) Let f be a positive increasing concave function on [a, b]. Assume
that @ is a convex function on [0, ), where

. (b-a)[ P f) weyde
Y P e—aywydr

(7

Then
_b ! jg d(f (1)) w(t)dt Sj(l) #Q2r fl-) wla(l—r)+brldr. (18)
—a

If fis an increasing convex function on [a, b] and fla) = 0, then the re-
verse inequality in (18) holds.

(2) Let f be a positive decreasing concave function on [a, b]. Assume
that @ is a convex function on [0, ©), where

- -l ) wrydr
Ja=— .
2[ ) (b—1) w(t)dt

(19)
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Then

ﬁﬁf (S () iyt <[od(2r [y) Wlar +b(1—r)ldr. (20)

If fis a decreasing convex function on [a, b] and f(b) = 0, then the re-
verse inequality in (20) holds.

Theorem 3.2.
(1) Let f be a positive increasing concave function on [a, b], fl is de-
fined in (17) and
- 1
()= o0 @r ) wlall=r) +brldr —— o (f@ wids. (1)

Then the following statements are valid.

(a) For every neN and sy,...,s, €R, the matrix Asi+sj is a

2 dij=1
positive semi-definite matrix. Paticularly

det| T, >0 (22)

2 dij=1

fork=1, ..., n.
(b) The function s — Il is exponentially convex.

(¢) The function s -1l is a log-convex on R and the following ine-
quality holds for —o<r<s<t<ow:

o <l (23)

(2) Let f be an increasing convex function on [a, b], fla) = 0,
l:IS (f)=-I14(f). Then the following statements are valid.:
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(a) For every neN and sy,...,s,, € R, the matrix Hsl_ﬂj is a

2 dij=1
positive semi-definite matrix. Particularly

det| 1, | 20 (24)

2 Jij=1

fork=1, ..., n.
(b) The function s — I1 s IS exponentially convex.

(c) The function s —>1:IS is a log-convex on R and the following ine-
quality holds for —o<r<s<t<ow:

s <1y (25)

Proof. As in the proof of Theorem 2.1, we use Theorem 3.1(1) instead
of Theorem 1.2. O

Remark 3.3. Theorem 3.2 (c) was proved in [5].

Remark 3.4. The following result was also proved in [5] as a conse-
quence of Theorem 3.2 (¢).

(1) Let fand II (/) be defined as in Theorem 3.2(1) and ¢, s, u, v> 0
be such thats <u, t<v, s #¢t u#v. Then

(Hm j . (fo)jﬂ 6
m.(n) L)

(2) Let fand I:IS(f) be defined as in Theorem 3.2(2) and ¢, s, u, v>0
such thats <u, t<v, s#t u#v. Then

1 1

[Mjf < [“_‘f)J @)
ao) a0
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Theorem 3.5.

(1) Let f be a positive decreasing concave function on [a, b], J;d be de-
fined as in (19) and

Ty (f) = [y 2r Fywlar + b(1— )] dr - ﬁﬁ,’ o FO) Wy di.  (28)

Then the following statements are valid.

(a) For every neN and sy,...,s, € R, the matrix Fsﬁsj is a
2 dijj=1
positive semi-definite matrix. Particularly
k
det| Iy, +s; >0 (29)
2 dijj=1

fork=1, ..., n.
(b) The function s - T’ is exponentially convex.
(c) The function s —> Ty is a log-convex on R and the following ine-
quality holds for —o<r<s<t<o:
rr < (30)

(2) Let f be a decreasing convex function on [a, b], fib) = 0,
fs (f)=-I3(f). Then the following statements are valid:

n

(a) For every neN and sy,...,s, € R, the matrix Fsﬁsj is a

2 dij=1
positive semi-definite matrix. Paticularly

det| Ty 4. >0 GD
sits;

2 lij=1

fork=1, ..., n.
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(b) The function s —T s IS exponentially convex.

(c) The function s —>fs is a log-convex on R and the following ine-
quality holds for —0<r <s<t<o0:

| A W) (32)

Proof. As in the proof of Theorem 2.1, we use Theorem 3.1(2) instead
of Theorem 1.2.

Remark 3.6. Theorem 3.5 (c) was proved in [5].

Remark 3.7. The following result was also proved in [5] as a conse-
quence of Theorem 3.5 (c).

(1) Let fand I'y(f) be defined as in Theorem 3.5(1) and #, 5, u, v> 0
be such that s <u, t<v, s #¢t, u#v. Then

1 1
erf) Jr—s < (rvmjvﬂg 33)
rn) )

(2) Let fand e fs (f) be defined as in Theorem 3.5(2) and #; s; u; v=>0
suchthats <u, t<v,s#t u#v. Then

1 1

(ft(f) Jr—s g (@(f)]v—u‘ %)
r) 0
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Pesume

EKCIIOHEHIIMJAJTHA KOHBEKCHOCT HA FAVARD-OBOTO
HEPABEHCTBO U CPOJIHHU PE3YJITATH

Bo oBaa cratuja HUe JOKaKyBaMe IO3UTHBHA MONTYAC(PUHUPAHOCT HA MATPULIU I'eHEPH-
paHM O Pa3IMKH M3BEICHH O]l HETEXKUHCKM M TexuHcku Favard-oBu HepaBeHcTBa. OBa MMILIU-
LMpa €HO MHTEPECHO CBOjCTBO Ha EKCIOHEHIMjaJHaTa KOHBEKCHOCT HA OBHE PA3JIMKU, KOM HH
JlaBaaT MOXKHOCT ja TW u3Beneme Gram-osute, Lyapunov-nute u Dresher-oBute THIIOBH HepaBeH-
CTBa 32 OBUE Pa3JIMKH.

Kinyunn 3060poBu: Favard-oBo HepaBeHCTBO; TexuHCKO Favard-oBo HepaBEHCTBO;
MO3UTHBHA NOJTyJe(UMHUTHA MATPHILIA; EKCIIOHEHLIMjJIHA KOHBEKCHOCT; 10g-KOHBEKCHOCT
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