Ipunosu, O00. maiu. iex. nayxu, MAHY, XXX, 1-2 (2009), cTp. 67-73
Contributions, Sec. Math. Tech. Sci., MANU, XXX, 1-2 (2009), pp. 67-73
ISSN 0351-3246

UDC: 517.819.3

Original scientific paper

GENERALIZATION OF A SUMMATION DUE TO RAMANUJAN

Tibor K. Pogany, Arjun K. Rathie, Ujjawal Pandey

A bstract: The aim of this research note is to find the sum of
the series
x-1 x-1(x-2
1+ + ¢ X ) +.. R{xp>0)
x+1+j (x+1+)(x+2+)

forj=0,1, 2,3, 4,5 When j = 0, we get a summation due to
Ramanujan. The results are derived with the help of generalized
Kummer's theorem obtained already by Lavoie, Grandie and Rathie.
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1. INTRODUCTION
We start with an interesting summation due to Ramanujan [4], viz.

x—1, (x=D(x-2) 22T (x+1)
x+1 (x+D(x+2)  T@x+])

1+ (Ri{x}>0). (1)

As pointed out by Berndt [2], this summation can be obtained quite simply by
employing Kummer's summation theorem [1] viz.

{ a,b } N (1+a-b)
.k ;-1 =
2T

1+a-b a a 1 @
(1+—bjl‘(+j
2 2 2

by takinga=1and b=1—x.
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In 1996 Lavoie, Grandie and Rathie [3] have obtained explicite expres-

sions of
. a,b .1 3)
2 l+a-b+j ’

for j = 0, £1, £2, £3, +4, £5. The case j = 0 was presented above in (2) as the
Kummer's theorem. However, the following another special cases with non—
negative j will be required in our present investigations:

F{ a,b _1}_«/;F(l+a—b+j)l“(l—b)
241 .o | T
l+a-b+ a 1. .
a=orJ 2 F(l—b+2(]=|]|)j
J
a i a I | j+l1
N —=b+=+1|I"'| - +=+——
2 2 2 2 2
B.

+ . “

F(a—b+j+ljl“ a+1—[]}
2 2 2 2 2 |2

A,

X

N |~

where, as usual, [x] denotes the greatest integer less then or equal to x and the
values of the constants 4;, B; are given in the Table 1. below.

Table 1

J 4 5

0 1 0

1 -1

2 a-b+1 -2

3 3b—2a-5 2a—b+1

4 2a-b+3)1+a—b)—(b—1)b-4) —Aa-b+2)

s —4(6 + a— by +22(b +11) 46 +a—b) + g(b -17)
x (6 +a—b)+b*—13b-20 X (6+a—b)—b*—b+62
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The aim of this note is to find an interesting generalization of the
Ramanujan's summation (1) by making sense of (4). Five summations closely
related to Ramanujan's summation have also been obtained as special cases of
our main findings. The summations derived here are simple, interesting easily
established and may be useful.

2. MAIN SUMMATION

Theorem 1.

x—1 N (x—1)(x-2)
x+1+j7 (x+14+))(x+2+))

1+

_Nr(+ )T 4,

+ ; 1 — )
r(xuj r(Lyi_|J
2 2 2 |2
forj=0,1,2,3,4,5. The coefficients A;, B; can be obtained from the table by
changing a by 1 and b by 1 — x respectively.

Proof. In (4) taking a = 1 and b = 1 — x, then expressing the hypergeo-
metric function as a series, we have

JF {Ll—x ._l}zimn(l—x)n ="

I+x+ om0 A+x+j), n!

1+ x—1 N (x—1(x-2) N ©)
x+1+7 (x+1+ Hx+2+))
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Here (a)y =1, (a),=a(a—1) ... (a —n + 1), n € N stands for the Pochhammer-
symbol, called sometimes shifted factorial as well.

Similarly, putting @ = 1, b = 1 — x on the right-hand expression in (4),
we get

3 .
F(zJ Frra+x+j) 4
FG+J) F(x+l+jjl" 1+j—[1+]1
2 2 2 2
+ % (7)

(eeg)r(3+3{2)

such that, after easy simplification, one tranforms into the asserted right—hand
expression of (5). This completes the derivation of (5). |

3. SPECIAL CASES

In (5), if we take j = 0, 1, 2, 3, 4, 5 we have the following interesting
summations.

1. Forj=0
F(3JF(I+x)
Lot G=D=2) o \2) 0 (8)
x4l (x+D(x+2) r(ﬁlj
2

The right-hand side of (8) can be seen equivalent to the right-hand side
of (5).
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2. Forj=1

L+ x—1 N (x—-1)(x-2) N
x+6 (x+6)(x+7)

=(1+x)T(x)I (—j - .
2 F(x+1j F(;jr(x+l)

3.Forj=2

ol =)
x+3 (x+3)(x+4)

3 1+x 2
=(x+2)I'(x)I (—j -
RESHRE

4.Forj=3

pxol omDE=d)
x+4 (x+4)(x+5)

= (x+3)T(x)l (ij
2

x+2 3x+4

(x—kzj F(;j I'(x+2) |

5.Forj=4

n x—1 N (x—-1D(x-2) N
x+5 (x+5)(x+6)

x+3 4
5 1 '
F(X‘Fz] F(zJ F(X+2)
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6.Forj=5

L+ x—1 N (x—-1)(x-2) N
x+6 (x+6)(x+7)

3) X2 +7x+12  5x%+25x+32

=(x+5T'(x)C (— - . (13)
2 F(x+§j F(;j I'(x+3)

Clearly, (8) is a Ramanujan's summation and other summations (9) to (13) are
seen to be closely related (8).

Remark 1. For another summations due to Ramanujan and their
generalizations the interested reader can consult [5].
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Peszume

I'EHEPAJIM3AIIUJA HA CYMHUPAIBLETO HA RAMANUJAN

HenTa Ha OBa UCTpaxXxyBambe€ € 1a CC Haj;[e cymaTa Ha peaoT

x-1 (x-D(x-2)
1+ + +.. Rx>0
x+1+j7 (x+1+)(x+2+))

3aj=0,1,2,3,4,5.3aj =0, ja nobuBame cymaTa Ha Ramanujan. Pe3yntaTtuTe ce n1o0ueHu co
MOMOIII Ha TeHepan3upanaTa Teopema Ha Kummer, nanena on Lavoie, Grandie u Rathie.

Kiyynu 300poBH: XUIIEpreOMETpHCKa ,F; CyMHpame Ha TeopemaTa Ha Kummer;
cymarmona opmysa Ha Ramanujan
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