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SYSTEMS OF DIFFERENCE EQUATIONS APPROXIMATING
THE LORENZ SYSTEM OF DIFFERENTIAL EQUATIONS

Biljana Zlatanovska, Donc¢o Dimovski

A bstract: In this paper, starting from the Lorenz system of
differential equations, some systems of difference equations are
produced. Using some regularities in these systems of difference
equations, polynomial approximations of their solutions are found.
Taking these approximations as coefficients, three power series
are obtained and by computer calculations is examined that these
power series are local approximations of the solutions of the
starting Lorentz system of differential equations.
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1. INTRODUCTION

The use of power series is one of the oldest methods for examining
differential equations. In the literature there are numerous papers concerned
with such a use of power series, like the papers [1], [2] and [3].

We consider the well known Lorenz system of differential equations:

i=o(y-x)
j}zx(r—z)—y (1.1)
z=xy—bz

with three parameters o, 7, b.
For initial values a,=x(0), b, =»(0), ¢, =2(0), we assume that the

solutions of the Lorenz system are expanded as Maclaurin series, (1.2).
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2
t
x(t)=a0+a1t+a25+ .+a, —+ Za
£2
y(t)=b0+b1t+b2?! ..+b, —+ Zb — (1.2)
t2 tn 0 tn
zZ(t)y=cy +cit+cy —+...+c,—+. c,—
2! n! =

Using consecutive differentiation of (1.1) and the representation (1.2),
for every n € N, we obtain the following system of difference equations.

an = O-(bnfl - anfl )

in—1
bn = ran—l _bn—l - Z . aicn—i—l . (13)

=0\ !

n-1 —
bcnl+2£n IJ lnll

Our aim is to express the coefficients a,, b, and c,, as polynomials in
variables o, r, b, ay, by and c(. Separately, for each of the coefficients a,, b,
and ¢, we transform the system (1.3), by introducing new variables.

2. THE COEFFICIENT a,,

We write the system (1.3) in the form (2.1).

an = O-(bn—l - an—l )

n—1 _1
b,=ra, ,—b, —a,c,, —Z(nl_ Jalcn - 2.1)

n
i=1

n—1 1
C =da bn 1 bcn 1 +Z(n ] zbnflfi
i=1 [

Forafixed n € N andforany 1 < k < n we represent the coefficients a,, as:

k=1 n—m—1

an = ¢1?an7k + l//l’;bn—k + glfcn—k + z ZTI’: (i’m)aibnfifm—l

m=0 i=k—m

-1 n—-m-1

Z Z T (l’ m)aicnfi—m—l

m=0 i=k—m
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where ¢,y ., &, 1) (i.m), 7} (i,m) are new variables. For the new variables we
obtain the new systems of difference equations:

n n n
@ =—0Q_ TTY

n n n n S n- k +i n
vi=ovia—via tadiht e gy 22)

i=1

n n n S n—k+i n
Sp =—agW i —b&i, —Za{ i Jl//’f—l—f
i=1

r:(i,m)=§,z[”"?“l} ﬂ,f(i,m)=—w;(”"?”lJ

1 1

with initial values ¢, =1L,y = 0,&; = 0, and transform the presentation of @, to

k=1 n—-m-1 —1-
= +wlb  +E& + > " "lena b
a, = ¢)k A,k V/k n—k '§k Cok . é:ma[ n—i—m—1
m=0 i=k—-m l
k=1 n—m-1 n—1-m ;
- z Z . Vn@iCoimm -
m=0 i=k—m l

Forn =k, directly from the presentation of a,, the inequality
n—m—1<n—m,implies:
2.1 a, =@ a, +y, by + /¢

Next, for fixed n,ke N, for all1<g<k we take the following

presentations:
q-1 k—m-1

k K k k(s
oi =agt ol 4 B e 2 2 m)a, (2.3)
m=0i=qg—m
—nk — ok ik q—lk—m—l_ i
vi=a op, + B, AT+ Y Y im)a, (2.4)
m=0i=g—m
r =k ‘ gl k—m-1_ .
n -—n, n n, n n, n =n,
& =a ol B L + ;" (im)a, (2.5)
m=0i=q—m

For the presentation (2.3) we obtain the system of difference equations (2.6).
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with the initial values a;* =0, g,

with the initial values @,"* =0, j,

n
S =moay +aﬂ

; ; " n—k+q-1 (2.6)
ﬂq,k ZVaq’_li _ﬂq—k 07(1 l Z q L i jai
) , v (n—k+g-1
}/q’k zaoﬂqlli _byq’—]i +Zﬂqlﬁ—i[ . a;
i=1

i
1

k+i+
l;’k (l, m):(n i l mJ [ﬂ”kgk m—i—1 )//:i’kl//lilfm—i—l]

with the initial values ag* =1, 5" =0, 7" =0, =0 .

For the presentation (2.4) we obtain the system of difference equations:
—nk __ —n,k o nk
a =—ca,;; +op

nnk —n,k T nk —nk n_k+q—1
ﬂq :raq—l ﬂql_a07ql zyqlt( . ]ai

1

. o (n—k+g-1
Ve u _ao _b7’q 1 "'Zﬂq’f{ . Jai 2.7
1

l
n—k+i+m\[—
—nk (- _ nk gn =nk,  n
lq (l’ m)_ [ m gk—m—i—l _}/m V/k—m—i—l]
=Ly =0,3" =0 .

For the presentation (2.5) we obtain the system of difference equations:

o~
=
=
<>
3
N—"
[
VR
S
[
=
—+
_J’_
§ ;/ N
h
:
»4
[
»4
§
Y
3
<
=
3

=070 =170 =0 .
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For k =gq, directly from the presentations (2.3), (2.4) and (2.5), the
inequality kK —m —1< k —m , together with ¢ =Ly, =0,& =0, implies:

—n,k

22. ¢ =a*, v =a" and & =@,
For n =k =g, 2.1. and 2.2. imply:
23. a,=a"a, +a,"b, +a,"c,.

With all this, the question of finding a solution for a, is transformed to

the question of solving the systems of difference equations (2.6), (2.7) and (2.8).
n,k

We start with the system (2.6). By finding expressions for a;”k By

n

and ;/q’k for several small values of n, k£, ¢ we found that there are some

regularities, and after long calculations, we obtained the following presentations:
nk _ n,k n,k nk _ ynk n,k nk _ n,k
a; =Xt + L B =Y+ M, ve =N;7, (2.9
where:

X =(=1)" o= (o +r)" J%} s Eq_j](j_lJaqfl(rf —rm )b (@2.10)

m-—1

m-—1

Yq’”k =(-1)"" (G+r)qlr[2}qm+l(q _Jj(j_l]dq_j (”j _”m) 2.11)

and L’;”‘,M ;”k,N ;’k satisfy the following system of difference equations:

nk _ n,k nk
LS =—oL  +oM 5

-1 .
9 : i

MK ) n_kirq_l}zi
l
0.

! n—k+q-
R IR wtH (e @)

gq-1

nk _ nk nk n,k nk

N =ag ¥4 v ag MM BN+ 3 (M
i=1

with X*F =1, ¥"* =0, LyF =0, M}* =0, NJ* =
By 2.2. and 2.3., it is enough to find ¢, =" = X" + L", and since
X" is known, we have to find L) . Each LZ’k , M ;’k , N ;’k is a polynomial with
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variables g, r, b, a, by and c,. For convenience with the signs, we use the
notation: i’;k == L’;’k . By suitably grouping the parts in these polynomials
and calculating the first several of them, we found that:
Ly =Ly =1"=0; Ly =o{rag};
LA’g’” =0'{2(m§ )+ 60'(ra§ )+ b(rag )— SO'raObO} ;
L = 0'{3(m§ )+ 160(m§ )+ 2b(m§ )+ 3207 (mg )+ SO'b(mg )+ b? (rag )

+1 lar(rag )— (mg )ag -90¢, (rag )— 2lorayb, — 370‘(0m0b0)

- 6b(0m0b0 ) + 802rb§} ;
L =0'{4(ra§ )+ 270'(ra§ )+ 3b(ra§ )+ 820° (rag )+ 180‘b(ra§ )+ 2b* (raoz)

+1226° (raé )+ 400'2b(ra§ )+ 95bh* (rag )+ b* (rag )+ 450‘r(ra§)

+ 1080‘6r(ra02 )+ 15170'1’(}”6102 )— 3(ra§ )ag - 160'(ra02 )ag - 2b(ra§ )aoz

-39%0¢, (rag )— T4o0o¢c, (rag )— 27boc, (rag )+ 280a,yb, (rag )— 60cra,b,

~173c(ora,b, ) - 27b(cra,b, ) - 16162 (o ra,b, ) — 47ob(ora,b, )

—7h* (araobo ) - 630'r(0'ra0b0 ) +490¢, (O'raobo ) + 58(0'2rb§ )

+ 580(0'2rb02 )+ 1017(0'2rb02 )} ;
and for ¢>7, the polynomial i’;” has the form of the polynomial

AL +BL, +CLY" + DL,
where A=1+0+b, B=or—a; —oc,, C=oca,b,, D=-c’b;. So, for ¢>7
we choose to approximate i’;’” with the solutions i’;’" (=) of the difference
equation:
L (=)= ALY (5)+ BLY, (=) + CLY (%) + DL, () (2.13)
with the initial values  L}", L", L™ L7".
To solve this difference equation, we take the following representation

I:r;,n (x)=P! i’;i’w (=) + P} LA’;i’Wfl %)+ P} I:Z;” L)+ P LAZ’l’wa () (2.14)

w-

where 1<w<gq and B} =1,B =0,P; =0,P) =0,R' =4 F =B, =C,F' =D.
Using the presentation (2.14) we obtain the following system of
difference equations:
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=AP)  + P, P:=BP! ,+P),

2.15)
=CP, +P., P/=DP,,

The solutions of the system (2.15) are the polynomials:

H mw 27 s Hw 37 jw-as
U U e

J=1 J=1

:}( j[w ] mjAWijBijm

Jj[w J szszjszijm

m

]J[W 2] mJAw—3j—ij—mDm +

2 [w —5— :}
2 R
Z [ ) j(]’;: IJ(W J . Tl S IJA w—2j—m—s—ZBj—m+1Cm—s DS
j=m J

.

=
+
M

+
Mw\g
M|

3
0
T
3
bt

S
0
)
§

+
§M“‘
TMN
3
—

=

Lo

%

3
[

3
i
~.

+
M»\
Il
§__Mw
7\
3

+
[ —
M- |3
W
|
[ —
g
Mw ©

s=1  m=s+l
wil w+l w+l
Pj [ZZ:}[W])AWZJHBJ +[Z3:}(W2 JAW 3t _1_[2}(“’ 3]]Aw4j+le
Jj=l -1 =R A alj-1
X i
JAW—J =M o rimil pjmm m
+ mz:; 2 [m][ i ]A 2j=m+1 pj=m
e
FYW=7=2m) \asamit piom o
+ W; j;mH [m][ s jA 2j=2m+1 g j=m
LT ey
jYw=2j—m we3jm o
+ mZ:‘; j:z:mH (WJ[ e JA 3j=m+l cj=m
wod || ws=l wemms—l
ji}[ 23:}[ 2 }[TJ[J;—IJ(W]-?SIJszjm“IB”"”C"”DS
s=1  m=s+l  j=m
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w+2

}(W2j+1jAw3ﬁ2cf+[jé}FM3j+1jAW4ﬁ2Df

J-=1 J-1

[ —
‘g
w | F
LS}

J=1

3,
I
1M

CH S R

A e e

. [g[ imml}( j ,Z 1](W -2 jj— m— 1J JrE TPy
EERLL e

122 (e sam
4

. AW—Zj—2m+1Bj—m+1Dm
J

3
]

w—=2j—m

+
1
=
{ I—
— =
DM
w | |
3
| I
TN
3
| ~.
—_
~___
VR

jAw—3j—m Cj—m+1Dm .

j W_j_m_S+1 Aw_zj_m_HlBj_mHCm_st.
s—1 \m-1 J

LY (x)=P_, Ly" + P’ Lg" + P> LY + P Ly"

3
N
-
Il
3

+
| —
M=
[\S]
| I
&
i
[
| —
ki
. o3
2
I_—:l
7 N\
3
L

P
Ii

LN
3
=
I

st
1
3

and from 2.2., for n = ¢, we obtain:
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L =" (=)= X" + L ()

+ (_ l)n_l {Pnl—7 i’;n + Pn2—7 i’é’” + Pn377 ig” + Pn477 i’Z’” }

Next, we continue with the system (2.7). Similarly as above we set:

Eqn,k :)?;”k +Z;1,k’ Eqn,k — an,k +M{;,k’ }7;,1{ — _;,k
where:
Tk g-1 -1 [ﬂ Sla-1-J\ J ol ma
X =) o) - [ - J[m_J (e )

m—1

Yt =) —(0+r)"_1r+(rq —1)+[g} qfl(q_l_jj( J Jaqf (r_/_rmfl)

- _ _ _ gl __ n—-k+qg-1
R R LN 219
; 1

—_

q-

_ _ — — — — n—k+qg-1
NI =a U+ ag % —bNM + 3 (T, +M;”;i)( T Ja,.

- i

with X% =0,Y,"* =1, L}* =0, MJ* =0, NJ* =0. The system (2.16) is the
system (2.12), but with different notations, and different initial values.
By 2.2. and 2.3., it is enough to find " =& " = X" + L"" , and since

X" is known, we have to find L. Using the notation: ZZ’]‘ =(-1)4" ZZ’]‘ , We

calculated fgk for, ¢ from 1 to 6:

Z”’” :LA;”" =0; f;" =o(-a}); LLZ’" =a{—2 (ag)—4a(a§)—b(a§)+ 30'a0b0};
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13" =o{3lai )-100{a; )~ 26lai )~ 1102 (a3 )~ 5{a5 )~ 0} ) -6 rla

)-
(ao)a +4aco(a§)+120'a b, +13c(cayb, )+ 4b(ca,b, ) - 30'21702};
)-

L —0'{ 4(a0 ) 180'((1 3b(a0 ) 340 ( ) 120'b(a0 ) 2b ( ) 260° ( )
- 160'217(a0 )— 60b ( a; )— b’ (ao )— 240r(a0 )— 3800'r(a0 )— 9b0'r(a0 )

+ 3(a§ )ag +1 la(ag )ag + 2b(a§ )ag +18o¢, (ag )+ 2400¢, (aé )+ 12boc, (ag )
—150asby (a2 )+ 330a,b, + 620(cash, )+ 17b(cagb, )+ 38c> (cagh, )
+190 b(aaobo )+ 5b* (O'aobo ) + 250r(0'a0b0 ) -150¢, (aaobo )— 21(02175)

—130{0 b2 )- 4b(c b2 )}

By the same argument as above, we arrive to the same difference
equations as (2.13) and (2.14), but for g>6, and to the same equation (2.15).
With all this we obtain:

vi(®)=a,"(=)=X" +L," (=)

e gz(”]{; o)

m=1 j=m m—1

+ (1) TP L + Pl LY + P Ly + Pl L1 } .
For the system (2.8), we set:
nk _ :n,k :n,k _ :n,k =nk _ q :n,k
a," =L,", B =M, 7, =(=b)* +N,

where L’ . ok M v o N . * satisfy the difference equations (2.17),

L =—oL) + oM™
— — — — q-1 — n— k —+ —1
s =L =M —a N —ZN}’{{ ; 1 Ja[ (2.17)
i=1

q-1-i

= = —k+q-1

NI = a, M bN"’;+ZM"k (” 7 ]a[

with fgk =0, A70”k =0, NO””‘ =0. The system (2.17) is analogous to the
system (2.12) (i.e. the system (2.16)), but with different notations, and different

initial values.
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By 2.2. and 2.3., it is enough to find @' =a " =L"". Using the

. . ﬁn,k _ q-1 :n,k én,k .
notation: L, =(-1)" L;", we calculated L;** for g from 1 to 5:

S~
=

" =0; L}" =0ay; f;”” =o{(a,)+20(a,)+bla,)-ob,};

)
—6{(610 )+ 26( )+ b(ao ) +30? (ao ) + 36b(a )-I— b? (ao ) + 20'r(a0)
- (ao )ag -oc, (ao ) -20b, — 26(6[)0 )— 2b(0'b0 )} ;

h||>

N||>

—cr{(ao)+ 20(a0)+ b(a0)+ 30 (a0 )+ 30‘b(a0 )+ b (a0)+ 4o ( )

+ 60 b(a0)+ 4ob (a0)+ b (a0)+ 40'r(a0)+ 60'0'r( 0)+ 4b0'r(a0)
—2(ay )ag —To(ay Jag —2b(a, )ag —20¢,(a,)-300¢,(ay)—4bacy(a,)
+7oayb, (a0 ) -30b, — 40'(6[)0 ) - Sb(abo) ( ) 5o ( )
-3b%(cb, ) —20r(oh, ) +o(ob, )co} .

Again, by the same argument as above, we arrive to the same difference

equations as (2.13) and (2.14), but for ¢>5, and to the same equation (2.15).
With all this, we have

3 (z) = Enn’n ~) = f:n (= (_ I)H {Pnls Lésn’k + Pnzfs Lé:tm + Pis Lézn’n + Pn4—5 I_Zm } .

The above discussion and 2.3., produce the following approximation
a,(®) =a," (=) a, +a," ()b, +a," ()¢,

for a, , n>7.

For je{1,2,3,4,5,6,7} we calculate from (1.3) the exact values of a;
and we set a (=)= a; for je {0,1,2,3,4,5,6,7} .

3. THE COEFFICIENT ¢,

For the coefficients ¢, we consider the system of difference equations (2.1).

Foran n e N and forany 1 < k < n we represent the coefficients ¢, as:
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o . — k=1 n—m-1_
_=n —n n =n(.:
Ch =Py TWiD, S Cy + z sz (l’m)aibnfifmfl
m=0 i=k-m
k=1 n—m-1_
=n(.
+ Zﬂ-k (l’ m)azcn i—m—1
m=0 i=k—-m

where 9", ", &, 7, (i.m), 7, (i,m) are new variables. For the new variables
we obtain the new systems of difference equations:

P =—oQ Fry

—n —n —n Zn - n—k+i Zn

i =ool, —wiltay &l + Zai ; Sl (3.1)

i=1

=, =, =, k=1 n—k+l —
S =—ag ;L —b&l - Za[ i Vi-i-i

i=1
_ =(n-m-1 _ —,(n—-m-1
e i S (R

with @' =0, %, =0, &," =1, and transform the presentation of c, to:

- o — k=1 n—m-1 n—-1-m\=
_=n —n n n
Ch, =@ Ay + l//k bn—k + é:k Chnk + Z . gm a; bn—i—m—l
m=0i=k—m l
k=1 n—-m-1 n—-1-m —,
- z Z . m ai Cn—i—m—l'
m=0i=k—tm 1

For n = k , the inequality n —m —1 < n—m , implies:

3.1.c, =9 a, +y,'b, + Z”co .

The systems (3.1) are the same as the systems (2.2), with different
letters and different initial values. We use the following presentations as for the

coefficient a,, with different symbols forall 1 < g <k, at fixed n,ke N :
q=1 k—-m-1

—n nk =n nk —n n,k Zn nk (.

Pk =Py Piig TH VL O Sl t Z ZAq (l’m)ai
m=0 i=q—m

= k= k= Snk R

—n —n,k =n —nk —n n, n nk (-

Wi =Py Piig TH Wit 047 &g + Z Ay (l’m)ai
m=0 i=q—

Fn_ =nk= =nk = Sk &R =

n =nk =n =nk —n n, n nk (-

Sk =Py iy tH W, 0, S+ Ay (z,m)ai

m=0 i=qg—m
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nk _ n,k n,k —nk _ yrnk o nk =nk — :”,k
p, =U+S, p, =U" +8] Py q

nk _ yrnk n,k —n,k _ 77 nk T n.k —nk _ =n,k
Hy _Vq +Kq Hy _Vq +Kq Hy _Kq

nk _ pnk Snk _ mink =nk q | Tk
5, =1, 5,7 =1, o, =b)" +T,",

with the initial values:

n,k_—n,k_zn,k_ —nk _ =nk _ , nk _ =nk _ onk _ gonk _
Py =Hy" =00 =1, py" =pg =py =l =057 =8¢ =0,

nk _ 1 nk _ nk _ yrnk _ onk _ n,k__n,k__n,k_zn,k_zn,k_
Uyt =V,"" =LU" =V =8 =K =8 =K =S," =K, =0,,

k _mnk _ ok Kk ank _ ank
TO"’ =TO”’ =T0"’ =A'<')’ =A'z)’ =A'(’)’ =0.

Forg=k=n, ¢ =38"", y'=0"", Z” = 5:,1”’” , and by analogous

discussion as for the coefficient a,, we obtain the following approximation for
the coefficient ¢,, n>3,

cy(R)=8)"ay + 8, (R)by + 5, (e
= (_ 1)”71 {b”co }+ (_ I)H {Pnlfzt in’n + Pn274 7%3”’” + Pn374 7_:2”’” + Pn4—4 7%1”’” }bo

+ (_ 1)n_1 {Pnlfs (Tsn’nao + 7_wsn’ncoj + Pnzfs [T4n’nao + En’ncoj
+ Pn3—5 (T;’"ao + in’ncoj + Pn4—5 (Tzn’nao + Tzn’nco }} )

where the initial values for 7,"",7"",T,"" , are:

An’n p— . An’n p— . An’n — .
""" =0 T,"" =a,r; T;"" =—ayr—30cayr—bayr+2orb;

7" ={~(a, r)—4c(agr)-bla,r)-T0*(a,r)-30blay,r)—b*(a,r)
—do(ayr)r +(ayr)ag +30(a,r)e, +6(crby)+60(arb, )+ 2b(crb, )
7" ={(a, r)-50(a, r)-b(a, r)-116*(a, r) - 4obla, r)-b*(a, r)-150"(a, r)
—76°b(ay r)-30b*(a, r)—b*(a, r)—120(a, r)r —2000(a, r)r —4bola, r)r
+ 2(a0 r)aé + 100‘((10 r)aé + 2b(a0 r)ag + 100'((10 r)co + 140'0(a0 r)co
+7bo(a, r)e, —130(a, )ayb, +14(c by ) +200(c r by )+ 6b(crb, )
+140% (o rby) +60b(c rby) +2b* (o rb, ) +8c(orby )r —4c(orb, )y} ;

> p— . L”)n_ .
=a,; T,"" =a, +oca, +ba, —oby;

=3P
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]%3”’” ={a0 +20a,+ba, +02a0 +oba, +b2a0 +20ra, —aoag —ocya,
—3(0‘b0)—0'(0b0)—b(0'b0)};

7" ={a, +30a, +ba, +30%a, + 2cba, +b*a, + c>a, + o> ba, + cb*a,
+b’a, +60a,r + 600ra, + 20bra, —2a,a; —6ca,a; —2ba,a;
—4cay,c, —200a,c, —20ba,c, +Ta,ca,b, —Tob, — 40(0170)

_ 3b(ab0 ) —o? (gb0 ) - o—b(o-b0 ) -b? (ab0 ) —4or (ab0 ) +o0¢ (Gb0 )} ;

én,n N én,n _ 2, én,n _ 2 2 2 .
""" =0 )" =ay; 3" =ay +30ay +2baj —30ayb,;
" ={a§ +doa; +2ba; +70°a; +8cba; +3b*a; +50ral —aja;

—doc,a; —8cayb, — 106(0'[10[)0 ) —8b (O'aobo ) +30%b; };

>

~

= {ag +5cal +2bal +11c’a; +10cba; +3b*a; +150°a; + 240 ba;
+150b*a; +4b’a; +14cra; +2600ra; +15bora; —2asa; —100a;a;
—3baja; —120cya; —2000c,a; —18bocya; +150a,bya; —170a,b,
~300(ca,b,)—23b(cayb, ) 250 (cayb, ) 350 b(ca,b, ) —15b* (ca,b,)
—200r(Gagh, )+ 156(cagh, ke, +140°b2 +100{c2b2 )+ 116(c b2 )}

For je{l,2,3,4,5} we calculate from (1.3) the exact values of ¢; and

we set ¢; ()= ¢; for j€{0,,2,3,45;}.

4. THE COEFFICIENT b,

For the coefficient b, we write the system (1.3) in the form:

an = O-(bnfl - anfl )

2(p—1
bn Z(F_CO)an—l _bn—l - ZL i jai cn—l—i

i=0

n2Mn—1
Cn = bO an—l - bcn—l + Z i ai bn—l—i
i=0

and for a fixed n € N and any 1 <k <n we represent b, as:
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— =n n.
b,=¢la, , +w/b,  +&'c, , + Tk (l’m)aibn—i—m—l
1 m

bl
—_

n—k-1
+ 7 (i,m)a,c
—m

i~ n—i—-m-1
0 i=k

3
I

where @',y ", &, T['(i.m), 7] (i,m)are new variables. For the new variables
we obtain the new systems of difference equations:

—n —n —n o(n—k+i —n
(2 :_U¢k71+(”_co)‘//k71_z CiWi-i

o\ n—k
Vi =0p, —Vi, &' =0 (4.1)
—n —n,. n—m-—1
Tk (Z,WZ):O Ty (lam)__l//k i :
with @) =0, =1, &, =0, and transform the presentation of b, to:
=lnk-1 (3 —1—m
b_¢k nk+Wk Z { . J alcnlml'
m=0 i=0

Forn = k, the presentation of b, and the inequality n —k —1< 0, imply:
41. b, =@ a, +v,'b,.
Similarly as (2.3) and (2.4), for fixed n,k e N and any 1<g <k, we

represent @, , /' as:
q—1 k—-m-1

P = 77;’1{ Py + a);’k Vil + 2 ZK;J{ (im)e; 4.2)
m=0 i=qg—m

_ ok ok — gq-1 k—mfl_ i

l//kn :nqn, ¢’kn—q + qu’ l//kn—q + z ZK;’ (i’m)ci ’ (43)

m=0 i=qg—m

Again, similarly as (2,6) and (2.7) we obtain the following systems:

nk _ n,k n,k
77q ——0'77q71+0607

; ; i n—k+qg-1
oyt =(r—co)n o an - ( . jc,- (4.4)

1
n—k+i+m
nk (- _ nk —n
Kq (l’m)__( i Jnm Vi—m-i
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—nk _ —n,k —n,k

77(1 ——(Tﬂq_l +0'a)q_l
«! n—k+q-1

—nk _ —n,k —nk —n,k q

o, —(r—co)ryqf1 -0, — nqli( ; ¢, 4.5)
i=l1

n—k+i+m
—nk - _ —n,k —n
Kq (la m) - _( i Jnm V—m—i1

with initial values 7{* =1, @)"* =0, 7;"* =0, @"* =1.
For g=k=n, 9" =0""," =", and by 4.1. we obtain:
42. b, =0 a, +@""b,.

By the same discussion as for the coefficient a, we arrived to the
following presentations:

nk _ n,k n,k —n,k _ 177 nk T nk
o, =W, +E; o, =W, +E,

where:

W= o - o)

+(_1)q-1[§ S e bear -e-arl,

m=l j=m+1 m—1)\m-1

VV(]"’k =(=1)"[o +(r =) (r =y )+ (=D [(r —cp) - 1]

s S ey e,

for: A=1+o+b, B=o(r—c,)-al, C=cab,—ocbc,, D=-c>h}.
So, for g>5 we approximate E . with the solutions E . (=) of the

difference equation:

EM (=) =AEM (=) +BE!, (x)+ CEl\(x)+ DEM\(5),  (4.6)
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with the initial values EJ*", E&" EIM™ EM"
In the same way as for a, , we take the presentation
E}"(®)=P Ly () + Pl EY (4 P L@+ P EY () (47)
and obtain the system of difference equations
P,=AP,, +P], P}=BP, +P],
— = _ _ _ , (4.8)
P}=CP,, +P}, P}=DP,,

which is the same as the system (2.15) with C replaced by C . So, the solutions
of (4.8) are the polynomials P!, P?, P}, P* obtained from the polynomials

P! P2 P} P! with C replaced by C .

w? w2 w? w

Similarly, for ¢>6 we approximate E ;. with the solutions E q” " (=) of

the difference equation:
E;””(z)zAE;’,’;’(z)JrBE "(x)+CE "g( Y+DE '“;( ),  (4.9)

with the initial values ??3"’" , i{”" , ??5”’" ??6”’" .
Similarly as for a,, all this produces the following approximation:
bn(z):(_ )nl{Pl Enn+P2 Enn+P3 Enn+P4 Enn}ao Wnn

+ (=1 nﬁE”+P2 E””+P3 EM +P! E" }b + W

n

where the initial values for E;’” and E ;”” are:

EM" =0, EM = —be, + ayhy;
E;"”:{2(a0 ) ( bo)+b(a0b0)—(bco)—ZO'(bco)—b(bco)—ag(r—co)—abg};

A

A

EM" =0,  EM" =0, E}" =-20(agh,)+20(be,);

EP" ={3(ayb, ) + 80 (ayhy )+ 2b(aghy )+ 1o (aghy ) + 4o blagh, )+ b* (agh, )
+80(ayghy Nr — ¢y ) —(agh, Jai — (b, )—20(be, ) - blbe, ) - 307 (be,)
- 30b(bco) (bco) 40( Cy )(r co) (bc0 )ag - 2a§ (r - co)
- 66610 (r -c ) - bag (r -c, ) - 4(0b0 )— 40'(0bg )— b(abg )} ;

Ipunosu, O00. maii. wiex. nayku, XXXIII, 1-2 (2012), cTp. 75-96



92 B. Zlatanovska, D. Dimovski

&)
S 3
3

" ={-8(cayb, ) - 60(ca,b,)-3b(cayb, )+ 5(cbe, )+ 30(obe, )+ 3b(obe, )
+3ca; (r -c )+ 3(02b§ )},

EM ={4(ayb, )+ 150(ayh, )+ 3b(ayb, )+ 245 (agh, )+ 10b(ayb, )+ 2b*(a,b, )
+156° (ayby )+ 116°blayb, )+ 5ob* (agh, )+ b (ayb, )+ 320 (agb, \r —c,)
+ 460'0'(a0b0 )(r - ) +1 lbO'(aObO )(r -c, ) ~3(a,b, )ag ~100(a,b, )ag
—2b(agh, )ag —14cb(ayb, e, +11a(aghy)’ —(be, ) - 20(be, ) - blbe,)
~30° (bc0 )=3ob(bc, ) —b*(be, ) — 407 (be, ) - 60'2b(bc0 ) —40b° (bc0 )
~b*(bey )= 9a(bey \r — ¢y )~ 11oa(be, \r — ¢, )~ Thbalbe, \r —c, )
+2(be, )ag + 90'(bc0 )ag + ?_b(bc0 JaZ + 4(cbe, )2 ~3a} (r - co)

—l4oal(r —co)—?_bag (r —¢,)-250%al(r —c,)—Tobal(r-c,)
—-b*a} (r - co)— lloa} (r - )2 +ag (r - co)— 1 1(ab§ )— 200(01)5)
- 4b(0'bg )— lic? (O'bg )— SUb(O'bg )— b* (O'bg )— 1 la(obg Xr —cy )},

" ={22(cayb, )-300(cayb, ) - 13b(cayb,) - 145 (cayb, ) - 10ob(cayb,)
—4b* (oayh, ) - 220(cash, \r —c, )+ 4oayh, Jad +9obe, )+ To(obe,)
+9b(obcy )+ 4c? (obe, )+ 60b(abe, )+ 4b* (obe, ) + 60(abe, \r - ¢,)
—4(obey)al +130al(r —cy)+18c0al(r —c, )+ 4boal(r —c,)

+ 210282 )+ 100(02 62 )+ 4b(o? b2 )}

" ={-52(cay,b, ) -1000(ca,b, ) - 38b(ca,b, ) -840 (cayb, )

~500b(ca,b, )—19b*(cayb,) - 306> (oayb, ) - 250> b(ca,b,)

~150b° (Gaobo ) —-5b°(oa,b, ) - 1500(6a0b0 )(r -c, )

—1280%(cayb, \r — ¢, )—330b(cayb, \r—c, )+ 24(ca,b, )al

+400(cayh, Jal +10b(cayb, Jal —450a,b,ca.b, + 500a,b,obc,

+14(obe,y ) +120(obe, ) +19b(cbe, )+ 90 (obe, ) +160b(obe,)
+14b*(obc, )+ 50° (obe, ) +10a>b(obe, )+ 100b* (obe, )+ 5b° (obe, )

+2lo(obe, \r —c, ) +150* (obe, \r — ¢, )+ 136b(abe, \r —c,)

)
Vs
=

>
D x
]
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—19(cbey a2 — 350 (obey Jal —10b(cbey a2 —10abe,obe, + 960 b2 )
+800(c 22 )+ 29502 b2 )+ 2502 (02 b2 )+ 150b(0 b2 )+ 562 (0252 )
+ 330'(62 bg Xr -c, ) +38cat (r - co)-l— 88cca; (r - co)-l— 19bca; (r - co)
+750%cal(r—c,)+250boal(r-c, )+ 5b*cal(r - co)
+3300ai(r—c, r—c,)-50ai(r—c, )} .

For je{1,2,3,4,5,6} we calculate from (1.3) the exact values of bj

and we set b, (x) =b; fro j €{0,1,2,3,4,5,6} .

5. LOCAL APPROXIMATIONS

For parameters o, 7, b. and initial values a,, by, ¢y we have the following

power series:

2 n oo n
ao(z)+a1(z)t+a2(z)%+ ...+a”(z)%+...:§)a”(z);
by (=) +bl(z)t+b2(z)i+ ... +b, (z)i+ .= f:bn(z)i 5.1

2! n! =0 n!
co(z)+cl(z)t+cz(z)ﬁ+ ...+cn(z)i+ ...=icn(z)—n.

2! n! o n!

At this moment the following question is open.
Question: What conditions would imply the convergence of the power

series (5.1).
Next we turn our attention to the following polynomials, (5.2).

" t"
P, (ay,by,cp)t)=a,(=)+a, ()t +...4+a,(r)—= Zan ()—
m! n!

0, (0, by,€0)0) =Dy (=) 4 by (=)t + 4 b ()= 3 b, ()=
m: n:

n=0

(5.2)

" & t"
R, (ay,by,co)t)=co(®)+c, (=)t +...+¢, (z)—' = ZCn (z)—‘.
m = n!
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Let T be a positive real number, and m be a positive integer. For
parameters o, r, b and initial a,, by, co we define functions x,(¢), v, (¢), z; (¢)
for ¢ €[0,0), as follows.

For 1 €[0,T], x;(t)=F,(ag,by,co)t), yr(t)=0,(ag,by,co)(1) and
zp () = R, (aq,b4,¢0)(1) -

Next, continue by induction. Assume that x,(¢), y,(¢), z;(¢f) are
defined for ¢<[0,k-T]. We define them for ¢ €[0,(k+1)-T] as follows. For
t€[0,k-T] they are already defined, and for te[k-T,(k+1)-T] we define
them by: x;(6)=P,(uy,ve, wo)t —kT), y;()=0,, (uy,vy, W)t —kT) and
zp (=R, (uy, vy, wy)t —kT), where u,=x,.(kT), v,=y;(kT) and
wy =x7(kT).

At this moment we do not have the answer to the question of how good
approximations, modulo 7 and m, are the functions x (), y;(¢), z;(¢) for the

solutions of the Lorenz system (1.1).

In examples, by computer calculations, for small values of 7, we obtain
that the functions x(¢), y,(?), z; (¢) are good approximations for the solutions
of the system (1.1). We used the program Mathematica and compared the
solutions obtained by the program Mathematica with the functions
x7 (1), y7 (1), z; (¢) . Two of these examples are the following.

Example 1: Parameters: o =10,7 =23,b =5 initial values a, =-2,
by =3,c, =0; 7=0,05; m=20; and the time interval [0,6].

40 - 40
L 20 +

30

20

\\/ﬂ\ / W\ NN

1 2 3 4 5 6

a) Graphics of the solutions b) Space curve solution

Fig. 1. Results obtained by the program Mathematica
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40+

=0

=20

110

a) Graphics of the functions x. (¢), ¥ (¢), z7 (¢) b) Space curve (x;(¢), v (¢),z7(2))
Fig. 2. Results obtained by computation

Example 2: Parameters: o =12,7 =100, = 2; initial values a, =32,

b, =20,c, =50; 7=0,05; m=20; and the time interval [0,6].
150 - 5 150

100

501

_sol

50 0 50
a) Graphics of the solutions b) Space curve solution
Fig. 3. Results obtained by the program Mathematica
150} -
100
501t |

e 4l Ao

50 0 -50

-s0}-
a) Graphics of the functions x,. (¢), v (¢), z, (¢) b) Space curve (x5 (1), vy (¢),27 (1))
Fig. 4. Results obtained by computation
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Pesume

CUCTEMMU OJ JUDPEPEHIITHN PABEHKH KAKO AITPOKCUMAILINJA
HA JIOPEHIIOBUOT CUCTEM OJ JU®EPEHIINJAJTHU PABEHKH

Bo oBoj Tpyx ox JIopeHIoBHOT cucTeM nudepeHIjaTHi paBeHK! ce JOOHEeHH CHCTEMH
nudepeniHr paBeHKH. KopuCTejkM HEKOM PErylapHOCTH BO OBHE CHUTEMH OJ Au(epeHIHH
paBeHKH, TOOMEHH Ce MOJMHOMHH almpOKCHUMAIMU HA HUBHHTE pelIeHHja. 3eMajKu T OBHE arl-
POKCHMALIUK KaKoO KOe(HUIMEHTH, JOOUCHH C€ TPU CTEHEHCKH Pela U CO KOMIIjyTePCKH MpecMeT-
KU € NPOBEpPYBaHO JieKa THE AaBaaT JIOKaJHa alpoKCHMaluja Ha pelleHujata Ha JIopeHIoBHOT
cucTeM quepeHIHjalHi PaBeHKN.

Knyunn 360poBu: JlopeHIoB cucteM; IudepeHIyjatHy paBeHKY; Ju(epeHIH
PaBEHKH; CTETICHCKH PEIOBH; allpOKCUMAIHja
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