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We define a special class of (n,m)-semigroup presentations in vector varieties of (n,m)-semigroups
and apply previously obtained results on existence of effective reductions within, under certain conditions.
As a consequence, good combinatorial descriptions are provided.
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INTRODUCTION

This work is a continuation of our re-
sults presented in |7, 8, 9]. In [10] we have

discussed the word problem solvability for
some classes of vector (n, m)-presentations.
Here we try to apply some of those results for
varieties of (n, m)-semigroups, in particular
for some classes of vector varieties of (n, m)-
semigroups. The introductory notions, basic
definitions, and properties are incorporated
in the review paper [10], that is our main
reference paper. Bellow we annex few ad-

ditional details necessary for the rest of the
text.

- For an (n, m)-presentation of an (n,m)-
semigroup (B;A) (that is the factor (n,m)-
semigroup F(B)/A where A is the smallest
congruence on F(B) such that A C A and
F(B)/A is an (n,m)-semigroup), it can be
easily shown that A = A ([2]).

- Two (m,m)-semigroup presentations
(B"; A’ and (B"; A") are strictly equivalent
if B = B” and A’ = A”. We use the nota-
tion (B’; A’y = (B"; A”) ([3]).

- Given a set of vector (n, m)-relations A,
we will need to emphasize (in notation) the

connection with its corresponding induced
binary relations A. Thus, we allow elements

from B to be represented as (i,x) for some
x € B™ and i € N,,,. Hence, given u € F(B)
we will also use the notation (i, u} 'uul;)
where ¢ € N,, and u, € F(B) (v € N,,\{¢}).
In other words, we have the following nota-
tion definition:

u € F(B) <= u=(i,x)
for some i € N,,, x = u7"™**, and s € N.
(Note that, each element from F(B)\B
remains to have a unique representation
(i, u"***) where i € N,, and s > 1). Hence,
for vector (n, m)-relations A and the corre-
sponding induced binary relations A, we will
also use the following notation

} A=Ay
Ay ={((,x), (,¥)) | (x,y) € A, i € N}

PRESENTATIONS IN VARIETIES OF
(n,m)-SEMIGROUPS

The varieties of (n, m)-semigroups were
defined in [2] and also explored in [3, 8, 9].
We recall basic definitions and properties
necessary for the rest of the text.

If F(N) is a free poly-(n,m)-groupoid
with a basis N and @ = (Q,h) is a poly-
(n,m)-groupoid, for each 7 € F(N) there
exists a smallest t € N such that 7 € F(N,)
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and 7 defines a t-ary operation on () as fol-
lows:

)Ifr =4 €N, and a = a} € Q' then
7(a) = q;

i) If 7 = (4, 7""**) and a =
7(a) = hi(ri(a) ... Tmia(a
7,(a) are already defined.

Let T,w € F(N). Then 1w € F(N;)
for some ¢t € N. A poly-(n, m)-groupoid
Q satisfies the (n, m)-identity (7,w) (i.e.
Q E (rw)), i T( ) = w(a) for an arbi-
trary a = a} € Q

A class of (n, m)-semigroups V is a variety
if and only if there exists a set of (n,m)-
identities © such that G = © for every
G € V. This means that G | (7,w), for
every (T,w) € © and every G € V. We use
the notation V = Var®.

In [8] we gave a description of the complete
system of (n,m)-identities © for a variety
Var©. We also showed that 1y(F(N))/0O is
a free object in Var® with basis N where 1)
is the reduction for (N; () (for more details
on vy, see [10]). In [9] we explored a special
class of varieties of (n, m)-semigroups, called
vector varieties of (n,m)-semigroups. They
are originally defined in [3], as follows:

Let p = m + sk, q = m + rk, where
s, > 0andlet (i, j7) € Nt xN*. An (n, m)-
semigroup G = (G;g) satisfies the vector
g(ai, -..a;,) = g(ay, ...a;,) for an arbitrary
al € G', where t = H;ayx{iu,jl,}.

al € Q' then
), assuming that

Every vector (n,m)-identity (,j{) in-
duces a set of (n,m)-identities (zﬁ’,jf) g
o(F(N)) x tho(F(N)) defined by: (17, ji)4
{((G,4)), (i, j1)) i € N}, and moreover,
G B @) — GE (@D Con
sequently, if ©" is a set of vector (n,m)—
identities then it induces a set of (n,m)-
identities Oy, and, G F O’ <= G = O),.

Definition 2.1 A variety of (n,m)-
semigroups V is called a vector variety
of (n,m)-semigroups, if there exists a set
of vector (n,m)-identities ©’, such that

V= Var@’#.

In continuation we will define (n,m)-
semigroup presentations in varieties of
(n,m)-semigroups. The main idea arises
from [3].

F(B)/© (F(B)) € Var®.

Let © be a set of (n, m)-identities and let
F(B) = (F(B);f) be a free poly-(n,m)-
groupoid with basis B # (). Every (n,m)-
identity (7,w) € F(N;) x F(N;) defines a re-
lation on F'(B) given by
(7, w)(F(B)) = {(7(u}), w(uy)) Juj € F(B)'}
Thus, © defines a corresponding set
O(F(B)) C F(B) x F(B) given by

O(F(B) = U (rw)(F(B) =
(r,w)€EO

{ (7(u), w(u)) [ (r,w) € O,

Twe F(Ny), vl € F(B),, t e N}
Clearly, ©(F(B)) is a set of (n, m)-defining
relations on B.

The following result is stated in [3], here
we give its proof.
Proposition 2.1 (B; O(F(B))) is a free
object in Var©® with basis B.
Proof. Recall that (B; © (F(B))) =
F(B)/© (F(B)) where O (F(B)) is the
smallest congruence on F(B) such that
O(F(B)) C 6(F(B)) and F(B)/ 6 (F(B))
is an (n,m)-semigroup. Let (7,w) € ©O.
Then 7,w € F(N;) for some t € N. For

an arbitrary sequence ul( (B)),...,u?(F(B))
from F(B)/© (F(B)), we have
B o(F(B
7_(ul(()) ”ut(())):
(r)PTPT = (w(u) TP
o(F(B o(F(B
w(ul( ( ))---Ut( ( ))).
Thus, F(B)/© (F(B)) | (r,w). Hence,

F(B)/O(F(B)) E © and therefore
It is clear that

© (F(B)) is the smallest congruence on
F(B) containing © (F'(B)) and such that
F(B)/O (F(B)) € Var©, and thus we con-
clude that F(B)/ O (F(B)) is a free object
in Var©®. Namely, for arbitraries @ € Var©
and £ : B — @, there is a unique homo-
morphic extension ¢ : F(B) — @ and
moreover, F(B)/ker( € Var®. The fact
that © (F(B)) is the smallest congruence on
F(B) such that F(B)/© (F(B))isin Var®,
implies that © (F(B)) C keré. Therefore,
we define a map n : F(B)/© (F(B)) = Q,
by: nu®F®)) = £(u). It is straight-
forward to check that n is a homomor-
phism, since ¢ is a homomorphism, and
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n(nat(© (F(BD)“B) = E‘B = ¢ Also, nis
unique, since £ is unique. O]

From now on, the congruence © (F(B))
will be denoted by © and consequently,
F(B)/©(F(B)) = F(B)/®.

For a given A C F(B) x F(B), we have

A U©O(F(B)) C F(B) x F(B), that is a set
of (n,m)-defining relations on B, and thus
(B; AUO (F(B)))is an (n, m)-presentation
of an (n, m)-semigroup.
Definition 2.2 For given B, ©, and A,
we denote the (n, m)-semigroup presentation
(B; AUO (F(B))) by (B; A; ©), and we
say that (B; A; ©) is a presentation of an
(n, m)-semigroup in the variety Var®.

In particular, we define vector (n,m)-
semigroup presentations in (vector) varieties
of (n, m)-semigroups.

Definition 2.3 (B; A; ©) is a vector pre-
sentation of an (n,m)-semigroup in Var®,
if (B; A) and (N; ©) are vector (n,m)-
presentations.

Thus, and by the notation given in the
introduction part, given a vector (n,m)-
semigroup presentation (B; A; ©) in Var®
we can also denote it as (B; A; ©), where:

A C BT x Bt and A = Ay;

O’ C Nt x NT and © = ©/,.

Given (B; A; ©'), the set of vector (n,m)-
identities ©' C Nt x NT induces a set
©'(B) C Bt x B* defined by:

(af,c]) € ©(B) if there exist (i}, j{) € ©
and a sequence by, by, ... € B such that

a, =b;,, p € Ny and ¢, = bj,, v € N,.
In other words,
©'(B) = {(bi, - - - bi,, bj, ... bj,) |

(i1, j7) € @, V' € Bt, t= n;a}jX{iu,ju}}.

Now, AU ©(B) C BT x B" is a set
of vector (n,m)-relations on B, and thus
(B; AUO'(B)) is a vector (n, m)-presentation
of an (n, m)-semigroup. But, (B; AU©'(B))
is not in Var®., in general case.

Example 2.1. Let n = 3, m = 2,
B ={a,b}, A = 0, and let © be a set of
(3, 2)-identities defined by:

O = {(I3,1*)} for some [ € N, i.e.

O, = {((1, 1), (L,11)), ((2,11),(2,1))}
={((1,U1),1), ((2,1),1)}.

We have that (a,b; ©') = (a,b; ©)) is a
(3,2)-semigroup presentation in Var®.,.
Moreover, the (3,2)-semigroup (a, b; @’#> =
F(a,b)/ O, (F(a,b)) is a free object in
Var®), with basis {a,b}. On the other
hand, the (3,2)-semigroup presentation
(B; ©'(B)) = (a,b; ©(a,b)) represents the
(3,2)-semigroup F(a,b)/ (0 (a,b))y. Tt is
easy to see that (©'(a,b))x C & (F(a,b))
and thus (&(a,b))x € © (F(a,b)). Con-
sequently, if two elements are equal in
(a,b; ©'(a,b)), they are equal in (a, b; ©') as
well, The opposite is not true. For example,
(2, (1, aba)(1, aba)(1, aba)) = (1, aba) in
{a,b; ©") but (2, (1, aba)(1, aba)(1, aba)) #
(1, aba) in (a,b; ©'(a,b)). We conclude that
(a,b; ©(a,b)) & Varol. O
Proposition 2.2

(B; \; ©) = (B;AUO/'(B)) if and only if
(B;AUO(B)) € Var©,.

Proof. (=). Straightforward.

<). It is easy to notice that
(Ap UO'(B)y) € (Ay UOL(F(B))),

and thus Ay UO'(B)y C Ay UOL(F(B)).

Since F(B)/Ay U O (B)y € Var®.,, it fol-
lows that for i € N,,, for an (n, m)-identity

(i, 71 ) € ©', and for a sequence u} from
F(B), where b — max{i,, j,}:
wv

T 0
ApL07(B)y A,UO/(B)
fl( N 'uj;t #)7
e (filu, ...y ,))W _

(filuy, -y )0,

This 1mphes that

<(z,uzl ), (z,u]1 )> €Ay UO(B)y
and thus
O (F(B)) CAyp U (B)4.
Consequently,
Ay UL (F(B)) C Ny US'(B)y,
and moreover,
AgpUOL(F(B)) CApUO(B)y.
Hence, (B; A; ©') = (B;AUO'(B)). O
Consider now, vector (n,m)-presentations

of type (B; AU ©'(B)).
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Since (B;A U ©'(B)) is a vector (n,m)-
presentation of an (n,m)-semigroup, it in-
duces a corresponding binary semigroup pre-
sentation, for which we can apply Theo-
rem 4.1, Theorem 4.2, Theorem 4.3, Theo-
rem 4.4 from [10]. As a consequence, and
providing that Proposition 2.2 is satisfied, we
would get good combinatorial descriptions
for (B; A; ©'), that are objects in Var©l,.
Moreover, we would have word problem solv-
ability for those vector (n, m)-semigroup pre-
sentations in such varieties.
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3A EJIHA KJIACA ITPETCTABYBAIA BO MHOI'YOBPA3UJA BEKTOPCKO
BPE/IHOCHMN IIOJIYI'PVYIIN

Upena CrojmeHOBCKA

Vuueepsurer Avepukan Kosen, Ckomje, Penybinka Makeoruja

Bo cnomen na npogecop I'opéu Yynona, co draboxra nouum u oepomua 6aazo00apHoc

Hedunnpamve crmenmjagna Kjiaca BEKTOPCKH (7, m)-TPETCTABYBama BO BEKTOPCKM MHOTyOOpaswja
(n, m)-nOTyrpynu, Kajae amIHIIpaMe MPETXOJHO TOOHEHH Pe3YyITATH 33 TMOCTOeHe HA e(MEKTHBHU DEeIyK-
WM, TIOJ, OApeieHn ycaoBu. Kako mocmeanma, ce mobnpaar 100pu KOMOMHATOPHH OIMUCH HA PA3TJIEIyBaHUTE

00jexTH.

Kuyunu 36opoBu: (n,m)-nonyrpymua, (n,m)-IpercraByBaibe, (n, m)-MHOryoOpa3ne, peayKIiuja
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